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/ exp(inf)df = [EXp'(m )]gw - exp( '{rm) _ 5’
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If n is a non-zero integer, the numerator vanishes. If n = 0, the integrand is 1, so the \

integral is clearly equal to 2.

Now cos(f) = 3(exp(if) + exp(—if)). Hence the integral we need is

‘/:ﬂ cos?™(6)dd = g

RN I . (2n)!
/0' ; oo exp(irf — (2n — T)zﬂ)i(ﬂ)(n )

Every term in this sum integrates to zero, except for 1 = n, when the argument of the [f
exponential vanishes:
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exp(inf —i(2n — n)d) = 1.
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Solution 2. (i) (a)
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Here we have BIIGTD > il and

is divergent. Hence this series diverges too, by the comparison test.

(b)

” n+1
2V e mTy

n=1
Here the terms of the series are alternating in sign, and their magnitudes are
monotonically decreasing. Hence the series converges, by the alternating series
test.

(i) The radius of convergence of 3 > ; a, z" is given by

R= lim |22 |,
n—=o0 Op41

if this exists. The series converges for |z| < R, diverges for |2| > R.
(@) For
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the radius of convergence is
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(b) For
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the radius of convergence is
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Solution 3. (a) (i) Here the numerator and denominator are continuous and the denominator non-

Zero, so
exp(2z) 0
z—0 cosh(z)

=1,

(i) Here we may use L'Hépital's rule, as numerator and denominator vanish together:

2sin’(z) =1 . 2sin(z)cos(z) _ 1 _ i
zon/a tan(z) —1  zoma seci(z) 1
(iii) Extract a factor of n from each fractional power:
lim [n((n? + 3)% — (n® + n)'/%)] =
L 2 1 3 1/2 1 1 )1/3) = ..
Tim [n((1+ )2 — (14 —))] =
3 | 3 1 7
o Rl —4yy _ = o L N S
lm (14 55+ 0() = (1+ 55 + O )] =5 -3 = ¢

(b) The Maclaurin series for these two functions are:
2y _ SRS
exp(z?) = Zﬂ =

and
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cos(z) = ;(—1)“ n)l

Hence the first three non-zero terms of the Maclaurin series for the product

exp(z?) cos(z)

are given by ) , )
exp(z?) cos(z) = (1 + z* + - a- =5 i—)
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Solution 4. Evaluate the integrals

(i) Integrate by parts:

(i) Substitute z = exp(u):
1 0
/ In(z)z*dz = / uexp(2u) exp(u) du =
0 —co

 exp3u exp(3u)

[u exp(3u) /3% — /

—0oo

(i)  Split into partial fractions:

I <1 4
fl :r(:r+1)(:r:+2)dx_/1. [E z+1+:r:+2 o

1[ z(z+2)]° 1, 4
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Solution 5. (i)
dy z+2y
dz = 2z+7y’
This equation is homogeneous, so set y = zv(z); then 1
mdv 2 s 1+ 2v
dz T 240’
or, rearranging, .
dv 1+2v 2v + 12
dr ~ 2+4v 2+wv
_1-4? “%
: T 24
This equation is separable,
/' dz’ f 2+ .
1- 'u"2
vie 3/2 1/2
:/ L S o / dov »’
1-v " v +1
S0
In(z/zo) = —3/2In(1 — y/z) + 1/2In(1 + y/z).
Here z is an undetermined arbitrary constant.
(i)
dy 9 3 .
&t 3z’y = exp(—2z°), with y(0)=0;
This equation has an integrating factor exp(z3), multiplying by this, we get
d 3
75 (y exp(z®)) = 1.
Hence g
y exp(z®) = z — zp; :
but we are given y(0) =0, so 2o = 0. Hence y = z exp(—z?).
(iii)
d2 dy . I
E + 3d— + 2y = exp(—x),with y(0)=1,and ¢'(0) = 1.
Here the complementary function is a sum of exponentials, exp(Az), where A2+ 3\ + 1

2=0,s0 A= —1or A= —2. So the complementary function is
yor = Aexp(—z) + Bexp(—2z).

The particular integral cannot be just exp(—z), for this appears in the complementary
function. Try
ypr = az exp(—z).
Then
Ypr + 3Ypr + 2ypr = a(—2exp(—z) + 3exp(—z)) = exp(-z),



ket Su (5)
so o = 1. Hence - g

y = Aexp(—z) + Bexp(—2z) + zexp(—z).
To find the constants A and B, solve

y0)=A+B=1,

y(0)=—-A—2B+1=1, '2

hence A =2, B = —1, and so

y = (2 + z) exp(—z) — exp(—2z).
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