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[E 2.9 (Maths 4) 2008]
SECTION A

1. Consider a real n x n symmetric matrix A with distinct eigenvalues A; and
corresponding normalised eigenvectors e; fori =1, ... n.

(i) Show that all the A; are real.
(ii) Show that the eigenvectors e; obey the orthogonality relation

T . 11 1
€€ = {0 i
: ]

(iii) Show that the n x n matrix

Js
j-

T

P = {e1ez... ey}

satisfies the relation
PTp =1,

where I is the n x n unit matrix.

2. Find the eigenvalues and normalised eigenvectors of the matrix

1 v2 0
A= | V2 1 V2
0 V2 .1
Now consider the quadratic form - _' k
Q = I% 4 2\/53:13:2: + 3:% + 2\/522;53 + :c%
written as ) e
Q = <4z,
where z = (z1, 2, z3)T. Show that Q c;'q.n be written as

Q = 3y + i — 3,
by finding a matrix P which satisfies £ = Py where y = (v1,y2,¥3)7.

Find 1, ¥2 and y3 in terms of z1, 7 and z3 from the matrix P.

PLEASE TURN OVER
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SECTION B

3. (i) Suppose that one observes the following sample :

02, 08, 05 02 —01, ~01, 05

Assume that these are independent observations from an N (g, o?)
distribution.

(i) Sketch the empirical cumulative distribution function.

(ii) Find the sample mean T and the median.
(iii) Find the sample variance s? and the sample standard deviation s.
(iv) Find a 90% confidence interval for the mean p.

(v) Perform a t-test at the 5% level for the hypotheses

Hy : p < 0 against H; : o > 0.

4. Suppose that the random variables X and Y have the joint pdf

kzy? if0 < zand0 < yandz +y < 1,
f(.’ﬂry) - h :

0 otherwise e
(i) Show that k = 60. LR
(ii) Find the marginal pdf of X,
(ili) Show that E(X)=1/3.
(iv) Find cov(X,Y). [You may 11.3& thf;f. E(Y)=1/2]

(v) Are X and Y uncorrelated? Justify your answer.

(vi) Are X and Y independent? Justify your answer.
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5. Suppose one wants to estimate the proportion & of students cheating in exams.
Instead of asking directly, the following setup is used: a group of n students
is being interviewed. Every student is given a spinner which, with known
probability p # 1/2, points to 1 and to 0 otherwise. Only the student observes
the outcome of his/her spinner. If the spinner points to 1 and the student has
cheated or the spinner points to 0 and the student has not cheated, he/she is
asked to report a 1. Otherwise the student is asked to report a 0.

(i) Show that the probability that a given student reports a 1 is

6(2p—-1) +1 —p.

(ii) What is the probability that he/she reports a 07

(iii) Show that the maximum likelihood estimator is
~ 1 1
= - X; =11 4
= ICHLEEY

where X; denotes the 0 or 1 the ith student reports.

(iv) Is § an unbiased estimator for 67

6. (i) Let X be Uniform(0, 1). e
Find the pdf of the random _\{éﬂébl&__‘ x5

(ii) Let X be N(0,1) and Y be N(5, 3). Assuming that X and Y are
independent, what is the distribution of X +Y 7

(iii) Suppose that X and Y are indei:-en’dent, where X is Uniform(0, 1) and
Y is Ezponential(A) for some A > 0.

What is the pdf of the random variable X +Y 7

END OF PAPER
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5. INTEGRAL CALCULUS

(a) An important substitution: tan(6/2) =t :
sinf =21/(1+1¢%), cosf=(1-12)/(1+12), do= 2de/(1 + ¢7),

(b) Some indefinite integrals:

\?u - z7)"Y24z = gjp~! Amv v lz]l < a.

2\ 12
\.?u + 274z = ginh~" AMV =h{Z4+(1+5 .
a a a
: 12
\:u — %)~z = cosh~! Amv =h|=+(Z -1 .
a L] a

Jie eyt = (L)t ()

6. NUMERICAL METHODS
(a) Approximate solution of an algebraic eguation:

Il a root of f(z) = 0 occurs near z = a, take g = a and
Ingl =TI — m.ﬁnﬂay\.‘d (za)], n=0,1,2...

(Newton Raphson method).
(b) Formulae for numerical integration: Write z, = zg 4 nh, y, = y(za) .
i. Trapezium rule (1-strip): I v(x)dz = (h/2) [yo + 1]
ii. Simpson's rule (2-strip): Jed v(z)dz = (h/3) [vo + 4yy + ).

() Richardsons extrapolation method: Let [ = ._._.._. J(z)dz and let £y, I3 be wo
estimates of [ obtained by using Simpson's rule with intervals /i and h/2.
Then, provided h is small enough,

I+ (1= L)/15,

is a better ostimate of J .

7. LAPLACE TRANSFORMS

Function Transform Function Transform

I F(s) =[5> e " [(t)dt af(t) + by(t) al(s) + UG(s)

df /dt sF(s) - /(D) dif/di? s*F(s) - sf(0) - f*(0)

0] F(s - a) L) ~dF(s)/ds

(8/80)/(t, o) (8/00)F(s,a) Jo F(0)dt F(s)/s
Ja I(w)g(t = u)du F(s)G(s)
1 1/s Nn=1;2:.) n!fs"tt (4> 0)

e 1/(s—a), (s> a) sin wil w/(s* +w?), (s >0)

gk s/ +u7), (s50) He-7)={ ¥ ST i)y (o750

1; £>T

8. FOURIER SERIES
Il f(z) is periodic of period 2L, then f(z+2L)= f(z), and

1 = arr =2 ., nrz
J(z)= 00 + ..Mnm__.___nam = .m b, sin s where

1,
W 2373%&. n=0,12, ..., and
<l

1 fL -
mauﬂxlh:uum_::lnmmmﬂ. =12 3.

Parseval's theorem

3 [ v = m.w._+M (n2+82) .

September 2000



2. [Probabitity distribution, expectation and variance

Probabilities for events

For events A, B, and C P(AUB) = P(A)+P(B)—-P(ANB)

More generally P(U 4) = D P(A)- ZP(A,, NA;)+> P(AinAjNAg) —
The odds in favour of A P(A)/P(4)

Conditional probability P(A ‘ B) = ﬂﬁ(g—f) provided that P(B) >0
Chain rule P(ANBNC) = P( )PBlA)PC‘Ar‘]B
Bayes' rule P(A}B) = P4 P(Blf) _
——— - P(A)P(B|A) + P(A)P(B|A)

A and B are independent if P(B ‘ A)=P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(AnB) = P(A)P(B), P(BNC) = P(B)P(C), P(CNA) = P(C)P(A)

The probability distribution for a discrete random variable X is called the
probability mass function (pmf) and is the complete set of probabilities {p;} = {P(X = z)}

Expectation E(X) = p = Zzpz
I

For function g(z) of z, E{g(X)} =) g(@)pz, so E (X = Z T°Ps

1 )
Sample mean T = — ka estimates 4 from random sample z1,z32,...,2Zx
k

Variance var(X) = ¢ = E{(X—-p‘)z}‘ = E(X?) - u?

{Z £f — (Exj)Q} estimates o2

J

Sample variance

Jl=

n—1

Standard deviation sd(X) =

If value y is observed with frequency ny
n:Zny, ka=zyﬂys Zmi:Zyzny
Y k ¥ k Y
_ 3 .7\ 3
Skewness f(; = E (X ;u.) is estimated by o (31 z)

foy n—1

—u\4 L\ 4
Kurtosis 2 = E(X p) -3 is estimated by : Z(m1 z) -3

o n—1
Sample median Z or Tmeq. Half the sample values are smaller and half larger

If the sample values z1, ..., zp are ordered as z(;) < ZT(z) < *** < T(n),
then T = z,as1, Fnisodd, and Z = 3 (z(z) + T(az2y) ifniseven
( 2 ) 2 2 ( 2 )



a-quantile Q(e) is such that P(X < Q(a)) = «

Sample a-quantile Q(a) Proportion a of the data values are smaller

Lower quartile Q1 = @(0.25) one quarter are smaller
Upper quartile Q3 = Q(0.75) three quarters are smaller

Sample median z = Q(0.5) estimates the population median Q(0.5)

3. | Probability distribution for a continuous random variable

The cumulative distribution function (cdf) Flz) = P(X<z) = / f(zo)dzo
Ipg=—00

The probability density function (pdf) flz) = e

EX)=up= /_O;mf(z)dm, var (X) = o = BE(X?) — u?, where E(X?) = f: z? f(z)dz

4, [ Discrete probability distributions

Discrete Uniform Uniform (n)

;hzi (z=1,2,.:+50) p=(n+1)/2, o= (n?-1)/12

Binomial distribution Binomial (n,6)

Dp = (n) FL—8™* (& =0,12 «.;n) p=nf, c2=nf(l-6)

T
Poisson distribution Poisson ()
A=A

Pe =" (z=0,1,2,...) (with A>0) p=2A, c?=2X

Geometric distribution Geometric (6)

o ) 1 9 1-6
by = (192714 (2=123...) p=g. 0 =5
5. [Continuous probability distributions
Uniform distribution Uniform (e, )
-1
— (e<z<f) p=(a+ph)/2, o*=(B-a)/12
f) = {4 e
0 (otherwise).
Exponential distribution Ezponential (A)
de™?  (0< <o), p=1/A, o?=1/x

fz) =
0 (—co <z L0).



Normal distribution N (i, o?)

flz) = 1 e@{_i(ﬂ)g} (ro<z<®), EX)=p, var(X)=oc°

2o 2 c

Standard normal distribution N(0,1)

If X is N(g,02), then Y = X;“ is N(0,1)

Reliability |

For a device in continuous operation with failure time random variable T having pdf f(t) (¢t > 0)

The reliability function at timet  R(t) = P(T >t)

The failure rate or hazard function  h(t) = f(t)/R(2)

¢
The cumulative hazard function H(t) = / h(to)dte = —In{R(¢)}
0

The Weibull(e, 8) distribution has  H(t) = fi*

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device i operates")
The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(DyNDyN--NDg)=RyRy-- Ry
A system of devices in parallel operates 'if_a‘ﬂ device operates

R=P(DiUDyU---UDg)=1-(1-Ry1)(1—Rp) -+ (1 —Rg)

Covariance and correlation

The covariance of X and Y cov(X,Y) = E(XY)-{EX)HEY)}

; i 1
From pairs of observations (z1,%1),..+, (Zns¥n) Szy = Zx;;yk - H( Z zi)(Zyj)
k i 3
1 2 1 2
Sz = Zmiﬂ“(zzi) ! S‘y‘y = Zyﬁ_E(ZyJ)
P s k j
. 1 ;
Sample covariance oy = B Szy estimates cov (X,Y)
, . _ cov(X)Y)
Correlation coefficient p = cor(X,Y) = s (X) - sd (7)
S.
Sample correlation coefficient r = ———%— estimates p
vV Szzsyy




10.°

i 7

12.

Sums of random variables

EX+Y) = EX)+E(Y)

var (X +Y) = var(X)+var(Y)+2cov(X,Y)

cov (aX +bY, <X +dY) = (ac)var(X)+ (bd) var (Y) + (ad + bc) cov (X, Y)
If X is N(u1,0%), Y is N(us,0%), and cov (X,Y) = ¢, then X+7Y is N(u1+p2, 03 +03 +2¢)

l Bias, standard error, mean square error

If ¢ estimates 8 (with randem variable T' giving t)

Bias of ¢ bias(t) = E(T)-6
Standard error of ¢ se (t) = sd (T)

Mean square error of t  MSE(t) = E{(T —8)*} = {se(t)}* + {bias(t)}?
If T estimates i, then bias(Z) =0, se(Z) =c/v/n, MSE(E)=0*/n, % (T)=s/v/n

Central limit property  If n is fairly large, T is from N (g, o?/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 4.

For a random sample z1,Z2,...,Zn
26; z1,22,-.-,Zn) = P(X1i=121 16) - P(Xn=2n ‘ 6) (discrete distribution)
£6; 21,T2,..,2Za) = [flz1 18) f(z2 ‘ 8) -+ Flznl6) (continuous distribution)

The maximum likelihood estimator (MLE) is g for which the likelihood is a maximum

Confidence intervals

If z1,Z3,...,Zn are a random sample from N(y,o?) and o2 is known, then

the 95% confidence interval for pis (T — 1.96%, T+ 1.96%)

If o2 is estimated, then from the Student t table for t,—; we find tg = tn—10.05

The 95% confidence interval for u is (Z — to—%, Z + tQ%)



13. | Standard normal table [ Values of pdf ¢(y) = f(y) and cdf (y) = F(y)
y o) 2w | v o) 2w |y ¢ 2| v 2y
0 399 5 9 266 .816 | 1.8 .079 .964 | 2.8 .997
1 397 540 | 1.0 .242 841 |19 .066 .971 | 3.0 .999
2 391 579 | 1.1 .218 .864 | 2.0 .054 .977 |0.841 .8
3 381 618 [1.2 .194 885 |21 .044 982 (1282 .9
4 368 .655 [13 .171 903 |22 .035 .986 | 1.645 .95
b5 352 691 | 1.4 150 .919 | 2.3 .028 .989 | 196 .975
6 333 726 |15 .130 .933 |24 .022 .992 | 2326 .99
J 312 758 | 1.6 .111 945 |25 .018 .994 | 2576 .995
.8 290 .788 | 1.7 .094 955 | 2.6 .014 .995 |3.09 .999
14. | Student t table | Values tm 5 of z for which P(|X| > z) =p, when X is tr
m p=010 005 002 001 |m p=010 0.05 002 0.01
1 6.31 1271 31.82 63.66 9 1.83 2026 282 325
2 292 430 696 9.92 |10 181 223 276 317
3 235 318 454 584 |12 178 218 268 3.05
4 213 278 375 4.60 |15 175 213 260 295
5 2.02 257 336 4.03 |20 1.72 209 253 285
6 194 245 314 371 |25 171 206 248 278
7 1.89 236 3.00 3.50 |40 168 202 242 270
8 1.86 231 290 336 | 1.645 1.96 2326 2.576
15. | Chi-squared table | Values x?  of z for which P(X > z) = p, when X is x}
and p = .995, .975, eic
k 995 .975 .05 .025 .01 .005 k 995 975 05+ .025 01 .005
1 .000 .001 384+ 502 6.63 7.88 | 18 6.26 8.23 2887 3153 3481 37.16
2 .010 .051 5099 7.38 921 10.60| 20 7.43 959 31.42 3417 3757 40.00
3 072 .216 7.8l 935 1134 1284 | 22 864 10.98 33.92 36.78 40.29 4280
4 207 .484 949 11.14 1328 1486 | 24 9.89 12.40 36.42 39.36 4298 4556
5 412 .831 11.07 1283 1509 16.75| 26 11.16 13.84 38.89 41.92 4564 48.29
6 .676 124 1259 1445 16.81 1855 | 28 12.46 1531 4134 4446 4828 50.99
7 .990 1.69 14.07 16.01 18.48 2028 | 30 13.79 16.79 43.77 46.98 50.89 53.67
§ 134 218 1551 17.53 20.09 2195 | 40 20.71 24.43 5576 59.34 63.69 66.77
9 173 270 16.92 19.02 21.67 2359 | 50 27.99 32.36 67.50 71.41 76.15 79.49
10 2.16 3.25 13.31 2048 2321 2519 | 60 3553 4048 79.08 33.30 8338 91.95
12 3.07 440 21.03 2334 2622 2830 | 70 43.28 4876 9053 95.02 1004 104.2
14 407 563 2368 2612 29.14 31.32| 80 51.17 57.15 101.9 106.6 112.3 116.3
16 5.14 691 2630 28.85 3200 3427|100 67.33 7422 1243 129.6 1358 140.2




16.

17.

18.

Fhe chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency 7iy for every group exceeds about 5.

2 (ﬂ'y — ﬁ'y)z . 9 . .. "
X* = Z ~ ¥ ¥ s referred to the table of x% with significance point p,
Ty
v

where k is the number of terms summed, less one for each constraint, eg matching total frequency,

and matching T with p

Joint probability distributions

Discrete distribution {pzy}, where pzy =P({X =z}N{Y =y}).
Let pge=P(X =z), and pey =P =y), then

Pre = ZPTH and P(X:m[}’:y) = gz.y.
Y DPey

Continuous distribution

Jointcdf F(z,y) = P{X <z} n{¥<y}) = fz /y F(zo,y0) dzo dyo
Ip=—0c0 JYp=—m=x

. d®F(z,y)
Joint pdf f(z,y) Tl
o A
Marginal pdf of X fx(z) = / f(z,y0) dyo
-0
o ' B _ f(=z9) ;
Conditional pdf of X given Y =y fxy(zly) = m (provided fy(y) > 0)
Y

Linear regression

To fit the linear regression model y=a+f8z by Tzr=2a+ Bz from observations

(21,91)s-+ ) (Tn,Yn), the least squares fit is & =75-28, B = gzy
g2
The residual sum of squares RSS = 8y — ST"
-~ RSS n—2 = .
- - 3 ; 2
ot =" 0 s from xi_s
@) = o, E@) = 6,
VB.I'( ) 'J‘?.Sz:: B Qﬁ) B Iz , COV(a1ﬁ) - S:z 7
o A i . & 1 (z=3)°]
f.=8+fz, E@)=a+fz, var(l) = (-+-—F ¢
n zz
g8-a  f-f  G.-a-Bz

are each from f,—9

@' =@ 5€ (7z)



