Modelling and control of multibody mechanical systems
Sample exam paper - Model answers

Question 1

a) Setting v; = vg = 0 yields

Let ¢ = (x,2,0) and M = I, hence p = (m,z,@) Then
0

¢g=p p=1| -9

0

The above system is a simple Hamiltonian system with internal Hamiltonian

1
Hy(q,p) = gp'p + gz.

b) Note that .
Ho=pp+gz=—29+g2=0.

c) The system can be written as

0 —sind ecosf
Gg=p p=1| —g | + cos 6 v+ | esinf | vg.
0 0 1

The system can be written as a simple Hamiltonian system provided there exist H;(q)
and Hs(q) such that

OH N\ —sin6
< 0—1 ) = cos 0
4 0
and
50
OHN € oS
(8—2) = | esinf
9 1
From the first equation we have that
OH,
o9 "

implying that Hi(q) is not a function of 6. However, this contradicts the equation

O0H,
ox

=siné.

As a result the system cannot be written as a simple Hamiltonian system.



d)

Setting ¢ = p = 0 yields p = 0 and
0 = —sinfvy + € cosfvy 0 =cosfvy + esinfvy — g 0 = vo.
This implies v9 = 0 and
0 = —sinfvy 0 =cosfuvy —g.

Note that we do not have any constraint on x and z. As a result, 8 = 0+ 2k, yielding

v1 = g, or 8 = 7+ 2km, yielding v; = —g, with k integer. In summary we have two
types of equilibria:
q= (*,*%0) p=(0,0,0) (v1,v2) = (g,0)
and
q= (*7*777) P = (07070) (UhUZ) - (—9,0)

Both equilibria correspond to the aircraft 'floating’ at some fixed location with zero roll
angle or with roll angle equal to 7, i.e. the aircraft is upside down. The corresponding
input signals are such that the aircraft does not roll: v, = 0, and the effect of gravity
is compensated: v; = +g.

From the above discussion we have that ¢ = p = 0 is an equilibrium associated tov; = ¢
and vo = 0.

The system linearised around the zero equilibrium is described by

HEEI RN
g -G 0 g B Vg
with
0 0 —g
G=]00 0
00 0
and
0 €
B=|10
0 1

The zero equilibrium may be stabilised by a state feedback control law if the reduced
System
=Gz + Bu

is controllable. The controllability matrix of this system is

0
C:[B GB GQB}: 1
0

_ o ™
o O O
o O«
o o O
o o O

and this has rank three, hence the system is controllable.
Finally, the zero equilibrium may be stabilised by an output feedback control law if the
system with output y = ¢ is observable. A submatrix of the observability matrix is

o-t3

which has rank six, hence the system is observable.



Question 2

a)

b)

The Hamiltonian equations of motion are

¢ =p(1+aqg?) p=—agp®—q+q" " +u

The equilibria of the system for © = 0 are obtained solving the equation

—q+q¢" ' =q(-1+¢"?) =0.

Since n > 2, and even, we have three solutions: ¢ = 0, ¢ = 1 and ¢ = —1. Therefore,
for u = 0 we have three equilibria
(Q7p) = (0’0) (CLP) = (170) (q,p) = (_1’0)'

The equilibrium (0, 0) is associated to a local minimum of the potential energy, hence
it is a stable equilibrium. The other two equilibria are associated to local maxima of
the potential energy, hence they are unstable equilibria.

The linearised system around the (0,0) equilibrium is described by the equation

: 01 0
596:[_1 0 0z + 1]%-
Setting § = Kd,, with K = [K3, K»] yields a closed-loop system which is described by
: 0 1
0z = -1+ K, Ky ]61

This system is asymptotically stable if Ko < 0 and —1+ K; < 0.

To obtain a control law which globally asymptotically stabilises the zero equilibrium
using the shaping function method we first have to modify the potential energy of the
system. To this end, consider a modified Hamiltonian

Hm(qvp) - HO(Q7p) —qu + Vd(q)7
with V(g) such that
1, 1
P R L Vi
50 = —a" + Valg)

has a global minimum at g = 0. For example, select V;(q) = %q". Note now that
Hy+Va=p(l+ag”)(u+q""),

Hence, selecting

yields
HO + Vd = —p2.
This implies that p converges to zero. The system restricted to the set p = 0 is described
by
¢=0 0=p=—q,
which implies that the equilibrium (0, 0) is globally asymptotically stable.



Question 3

a)

The position vector of the centre of mass is given by
r = x/i/ +y/j,,
and therefore the velocity vector by differentiation is
P = (@' =y )i + (5 + 2'0)5"
Hence the kinetic energy of the system is

T = om (@ =y + (' +20)?) + 5Lat? + 5102

The equations of the rolling constraint are

i~y +ad = 0, (1)
y + ' = 0. (2)

The Lagrangian function is L = T'—V = T'. The Lagrangian equation for the generalised
coordinate z’ is

d (0L oL
a(%)‘@“l—o’

or

& (m(@ — ) — (i’ + D)+ =0,

or by making use of Equations 1, 2,

% (—maé) + A1 =0,

or )
A1 = mad.

The Lagrangian equation for the generalised coordinate y’ is
d (0L oL
— == )—5=+X=0
7 (o7) ~ gyt =0
or
i( (-/+/' -/ IR Ao =0
o (g +2') ) +m(@ =y + A =0,
or by making use of Equations 1, 2,

Ay = maéi/}.

The Lagrangian equation for the generalised coordinate 1) is
d (0L oL

— | = == =AMy + X2’ =0

a ( P ¢> 90 1Y + A )

or p

= (=@ =y D)y + (i + D)) + Ladb) = My + doa’ =0,
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or by making use of Equations 1, 2 and substituting the A’s from above we get

d ) ) ) ..
7 (ma@y' + Izzl/}) — maby’ + mabpx’ =0,

or
mafy’ + maé(g}' + z/)ac') + L) — maby’ =0,
or by making use of Equation 2 )
1.4 =0.
The Lagrangian equation for the generalised coordinate 0 is
d (0L oL
7 (57) ~ a5+ ha=o

or d
= (1y0) + Ma =0,

or by substituting A; by maf we get

(Iy +ma®)f = 0.

The force which maintains the longitudinal rolling constraint is
—\ = —mab = 0.

The force which prevents side-slipping of the object is

—Ag = —maézﬁ.



Question 4

a) We attach two rotating Cartesian coordinate systems, one on the rotor and one on the

blade as shown in Figure 1.

Figure 1: Plan view of a helicopter rotor with one blade.

i) The position vector of the blade centre of mass is

r=ei+t fi,

and therefore the velocity vector is

7 =ewj+ flw+7)j = —flw+7)sinyi + (ew+ f(w+7)cosv)j.

The kinetic energy is thus

1 1
T = om (£ +79) sin*y + (aw + (@ +9) c0s7)’) + S La(w + )7,

or

1 1
T = 3™m (eQwQ + 2efw(w +4) cosy + f2(w —i—"y)Q) + §Izz(w +4)2.

ii) We find the lagging equation of motion using the Lagrangian approach. The

Lagrangian function is L =T — V =T and therefore,

d(@L)_B_L__
87_

dt \ 9y

or

dt

or

D (e furcosy + 2w +4)) + Lalw +4)) +mefuwlw+4) siny = ~DA,

(mf? + I..)%5 + DY + mw?ef siny = 0.

b) The kinetic energy is given by

The rate of change of T is

dT_i(lQ.H):%<@.H

dt  dt

dH
-

dt



We can make use of a rectangular coordinate system that is fixed onto the rigid body
and rotates with it. The derivatives of the vectors appearing in the above expression can
be expressed in terms of the derivatives observed inside the rotating reference frame.
Thus,

1 /dQ dHN\ 1 B9 dH
(2 g Y ((axa+ ) Hio (QxH
Q(dt + dt) 2(( X +dt> + ( < dt))

The scalar triple product identity gives us

QxQ)-H=(QxH) Q.

If we express €2 in terms of its components along the body fixed axes then

Qy
Q= Q,
Q.
The vector H in similarly given by
Qy
H=1|Q, |,
Q

where I is the inertia tensor of the rigid body. The derivatives of 2 and H observed
in the moving reference frame are

d'Q 2
a ||
Q.
and .
Q
/ T
ddf =I| 9,
Q.
The term 7
—H = [ O, Q, Q. }m,
and the term
dH dH . . . dQ
: = Q=19 Q, Q. |[ITQ= -H
dt dt [ oo } dt ’
since IT = I. The rate of change of kinetic energy becomes
dar 1 dH dH dH
— =—(2(2%xH) - Q+2 Q) =(QxH N=—"Q=N- Q.
di 2<(X)+dt )<X+dt> di



Question 5

a)

b)

d)

The angular velocity vector of the bar in body fixed axes is

Q = —wsin b1 + wcos k.

The angular momentum vector in body fixed axes is
H=—-],,wsinfi+ I,,wcosbk,

since the chosen axes are principal. I, is the moment of inertia about the axis of
symmetry and I, is the moment of inertia about a diameter passing through the
centre of mass.

The torque driving the bar is given by the rate of change of the angular momentum:

dH dH
N=22 _aoxg+%2
dt < H A

when the derivative is observed in the body fixed reference frame. This gives

dH
dt

Qx H+ = (—wsin#i + wcos k) x (— I wsinOi + I,,w cos k) + 0,

since f and w are not changing. We therefore get
N =(I,, - Im)w2 sinf cos 0j.

The direction j is always perpendicular to both the axis of rotation and the axis of
symmetry of the bar.

i) The new angular velocity vector is given by
Q = —wsinf cos ¢t + wsin O sin ¢j + (w cos O + qS)k
The new angular momentum vector is given by
H = —I,,wsinf cos ¢i + Iyywsinfsin ¢j + I, (wcosd + qS)k,

where I, is the moment of inertia about the direction of j and is equal to I, due
to symmetry.

ii) The torque that is needed to drive the bar is

dH JH
N="_=Qx H .
dt <A

The first term on the right-hand side is

Qx H = (I, — I,)wsinfsin ¢(wcos § + ¢)i + (I, — Lp)wsin b cos ¢(w cos 6 + ¢)j +
+ (I — Iy)w? sin? 0 sin ¢ cos ok,

or
Qx H = (I, — Iy)wsin O(wcos 0 + ¢)(sin ¢i + cos ¢5),



since I, = I,. The last term on the right-hand side is

dH

T I we sin O sin ¢i + Iyyw(ﬁ sinf cos ¢ = Lzwesin 0 (sin ¢t + cos ¢g).

The torque is therefore
N = ((Izz — Ip)wcosf + Izz(ﬁ) w sin @(sin ¢ + cos ¢F ).

This torque is always in the direction normal to the axis of symmetry of the bar
and the axis of rotation with speed w (same as in part c¢) above). The magnitude
of the additional torque needed due to the extra rotation with speed ¢ is

Izzqz.bw sin 6.



Question 6

a) We make use of a fixed Cartesian coordinate system as shown in Figure 2.

Figure 2: A particle slides on a wedge. The wedge slides on the horizontal surface.

Let’s assume that
P = Tmt + 2mk

and
rapr = Tyt + 2uk

are the position vectors of the particle and the highest vertex of the wedge respectively.
The system configuration can be characterised by three generalised coordinates x s,
and z,,. zps is a constant. The constraint that the particle stays on the wedge can be
expressed by a dot product as follows:

f=(rm—7n) - (sinat + cosak) =0,
or
f=(zm —xym)sina + (2, — 2a) cosa = 0. (3)
The kinetic energy of the system is
1 .9 1 .9 .9
T= §MxM + §m(xm +22),

and the potential energy is
V =—mgznm.

The Lagrangian function is

1 1
L=T-V= §Mﬁc3w + §m(¢fn + 22) + mgzm,.

The Lagrangian equation corresponding to the generalised coordinate xp; is

d [ OL oL of
E <8.%'M> B 31‘]\/[ +)\31’M B 0,
or
i(M' ) — Asina =0
dt T M simmaoa = U,
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or
MZpy — Asina = 0.

The Lagrangian equation corresponding to the generalised coordinate x,, is

d ([ OL oL of
dt (ag'cm) "0, Mo, O
or
7 (mZy,) + Asina = 0,
or

MLy, + Asina = 0.

The Lagrangian equation corresponding to the generalised coordinate z,, is

d (0L oL of

dt (azm) " e Tz,
or d

E(mzm)—mg—i-)\cosazo,
or

mZy —mg + Acosa = 0.

From Equations 4, 5 we get

SE

Ty = —
From Equation 5, 6 we get
MTyy COS X — MZpy, sina + mgsina = 0,

and by differentiating Equation 3 and substituting s we get
Zm = — 1+M tan axy,.

If we substitute the value of Z,, into Equation 7 we get

gsin o cos o
T = ———5—.
" 1+ 37 sin? o
By substitution
1+ ™) gsin? o
( M9

1+%sin2a

Zm

and S
. 179 8in a cos a
TM = 3
1+%smza ’

and finally )
mi, Mg cosa

A=

sin o 1+%sin2a'
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b) The force of constraint on the particle in the horizontal direction is —Asina or

mg cos a sin
- m ;2 )
1+ 77 Sin“ «
and in the vertical direction it is —\ cos« or

mg cos? o
1+ 17 sin? o
The force of constraint on the wedge exerted by the particle is given by Asin« or

mg cos o sin «

1+%sin2a'
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