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1. A random signal (ug) has the structure

up = Asin(0.01k + ¢) + wy, ke,

where A > 0 and ¢ € (—m, 7| are unknown and (wg) is a stationary
ergodic Gaussian random signal. The measurements u; are known for
k = 1,2,3,...105. Our aim is to estimate A, E(wy) and Var(wg). In
the first five parts below you are asked to prove certain statements. If you
do not succeed to prove some of these statements, you can still use them to
answer the other parts.

(a)

(b)

Assume that (ar) and (bg) are independent normalized Gaussian
white noise signals. Define the complex random sequence ¢ by
O = % (ak +1bg). Show that ¢ is normalized Gaussian (we regard

the complex plane as being equivalent to R?). (3]

Let (%) be an arbitrary sequence of real numbers (k € Z) and let
¢, be the random sequence from part (a). Show that the sequence
(et cy) is a normalized Gaussian white noise signal. 3]
Show that for every v € R we have

LA
lim = e, =0,
k=1

N—oco N
with probability 1. Here, (cx) is the sequence from part (a). 3]
Let (ax) be the sequence introduced in part (a). Show that we have
1 & 1 s
jéi_rbnm N }; cos(vk)ag = 0, 1\;-1-—1}100 N ; sin(vk)ar = 0,

with probability 1. Hint: justify and then use the fact that the result
from part (c) is true also for the complex conjugate sequence (¢g). [3]
Let (ax) be the sequence introduced in part (a). Assume for simplicity
that (wg) can be obtained from (ay) by filtering it through a FIR filter
with impulse response (gx). Show that the two formulas from part (d)
remain valid with wy in place of ay. 4]
The statement from part (e) is true for v # 0 and any stationary
ergodic random signal (wy). Using this fact, propose a method to
estimate A and . Hint: think of how we use a sinusoidal input to
estimate the frequency response function at one point. [4]



2. The proposed mathematical model of a static system with two inputs, u and
v, and with one output w is

w = \/A+(§)2+(%)2. (1)

The variables u, v and w can be measured and a, 3, A are unknown pos-
itive parameters. We have 200 measurements available from experiments,
u1,u, ... ugpp and similarly for v and w. Because of measurement and mod-
eling errors, the measurements do not fit any model of the form (1) exactly.
(a) By defining new variables if necessary, rewrite the model of the system
in the form y; = @p6 + ex, where y; and ¢}, are known, 6 is the vector

of unknown parameters and ey, are the equation errors. 3]

(b) State the condition under which a unique minimizing @ exists for
the cost J(0) = e? +€2...+ 630{)‘ Assuming that this condition is
satisfied, write the formula for the vector of estimated parameters 6
that minimizes J(0). (3]

(c) Suppose our data are such that u2 —v2 = 18 for all k € IN. Explain
why in this case we cannot estimate o and 3, but we can still estimate
al‘g‘ + Elg Explain how to estimate alg + Blg 4]

In the sequel, we assume that there is a unique minimizing § for the cost
function J(6) from part (b).

(d) Assume that e; are independent and identically distributed random
variables with E(e;) = 0. Give a formula for an unbiased estimate of
Var(eg) in terms of the values of ¢ and y; from part (a). 3]

(e) Still assuming independent and identically distributed equation er-
rors, give a formula for an unbiased estimate of Cov(6), where 6 is the
estimate from part (b). Note that Var(e;) is not known, but it can
be estimated, as was required in part (d). (3]

(f) Suppose that each of the sequences uj, vi and ej consists of inde-
pendent and identically distributed random variables, and the three
sequences are also independent of each other. Let 0 be the estimate
from part (b). If, instead of 200 measurements, we have 800 mea-
surements, approximately how many times do you expect Cov(é) to
decrease? Give, briefly, a reasoning for your answer. [4]



3. In this question, X is an unknown stable discrete-time LTI system with input
signal u and output signal p. The measured output y is corrupted by the
noise signal w, so that yx = py + wg. It is known that w is a stationary
ergodic Gaussian signal with F(wy) = 0 and the power spectral density of w,
denoted by S*¥, satisfies S¥¥(e?) > 0.1 for all v € (—=, 7| (but otherwise
SW¥ is not known).

We have to identify X, based on the measurements of u; and yi. We would
like to model X by a discrete-time transfer function of order 4:

Pk + Q1Pk—1 ...+ G4Pk—a = boug + brug_y ...+ bgug_4 + vg, (1)

where vy, is the equation error due to model mismatch. We assume that v
is a stationary ergodic Gaussian random signal with E(vg) = 0, and v is
independent of w (i.e., vy and w; are independent for all integers k, j).
(a) Let a and 3 be two independent stationary random signals and v =
ap + Pi. How are the power spectral densities of a, 3,7 related to
each other? Give a short proof of your formula. (3]
(b) Consider the system with input u and output y. Describe this system
by an ARMAX model with a white noise input denoted e. For this,
introduce a new signal ¢ that accounts for the combined effect of w
and v. Then represent ¢ as filtered white noise, where both the filter
and its inverse are stable. Finally, approximate the filter by a FIR
filter. Briefly, why is it possible to represent 4 as described above, and
why is it possible to approximate the filter by a FIR filter?

Hint: use the result from part (a). 5]

(c) Why is the ARMAX model of part (b) equivalent to an ARX model
of very high order? Why do we need here that the inverse of the filter
from (b) is stable? 4]

(d) Assuming that the measurements u; and y; are available for k =
1,2,...20,000, describe a least squares based method for estimating

the unknown coefficients in the ARX model from part (c). 4]

(e) Use pseudolinear regression to explain how the unknown coefficients
of the ARMAX model of part (b) can be estimated using the estimated
coefficients of the ARX model of part (d). 4]



4. We want to model the output circuit of an inverter by the simplified circuit
shown below, where the filter inductor L > 0 and the filter capacitor C > 0
are known, while the load resistor R > 0 and the load inductance L; > 0 are
unknown and should be estimated. We can choose the waveform of u, the
output voltage of the inverter, and we can measure the load voltage y. We
cannot expect a perfect match between the true circuit and this simplified
circuit, but we would like to get a close match in a certain frequency range.

[T h k]

77
Compute the transfer function G of the simplified circuit (from u to
y), in terms of L, C, R and L;. Is G stable? 4]

Is the circuit shown in the figure a stable system? Hint: if we apply
a constant input to a stable system, then the state variables converge
to finite limit values as ¢ — oo. Is this the case for our circuit? (3]

Suppose that by measurements using sinusoidal u, we have obtained
estimates for G at 25 angular frequencies wy, . ..wss, in the frequency
range of interest. By defining new variables, rewrite the model of
the system in the form y; = @g6 + er, where y; and ;. are known
(possibly complex), 6 is the vector of unknown parameters and ey, are
the equation errors (possibly complex). Hint: think carefully about
what is known and what has to be estimated. (3]

For the model constructed in part (c), explain how to find the real
vector  which minimizes J(0) = 3732, lex|?. Explain how we can
estimate R and L; using 6. [4]

Construct a minimal realization of G (from part (a)), of the form
& = Az + Bu, y = Cz + Du, where A, B, C and D are matrices. [3]

We connect a hold device (D/A converter) at the input of our sys-
tem and we connect a sampler (A/D converter) at its output, both
converters working with the sampling period T. How can we compute
the transfer function G of the resulting discrete-time LTI system? Is
G stable? There is no need to perform any computations to answer
this part. 3]



5.

We want to estimate the impulse response g of a stable discrete-time LTI
plant but we do not have the possibility to apply input signals of our choice,
we can only observe the existing signals. The input signal is denoted by
u = (ug) and it can be measured. The output signal v is corrupted by a noise
signal w, such that the measured output signal is given by y; = v + wp.
Both u and w are assumed to be stationary and ergodic (but not necessarily
independent of each other). The measurements of u;, and yy, are available for
k=1,2,3,...6000.

(a)

Describe a method for estimating the auto-correlation function C¥%
and the cross-correlation function C¥* for 0 < 7 < 30. Explain very
briefly how this problem is related to the concept of ergodicity.  [3]
Express CY* in terms of C¥%, C%% and g. 4]

Assume now that uj and w; are independent of each other, for all
k,j € Z. Describe a method for estimating the terms gg, g1, g2, . . . 930
from the results of part (a). Show briefly how this method can be
derived from your answer to part (b). 4]

What is the meaning of a random signal being “persistent of order
N7 What is the significance of this concept in the context of part (c)
above? Explain the following: if u is persistent of order 30, then it is

also persistent of order 20. (3]
If e = (ex) is normalized white noise and uy = eg — 0.3e;_; (for all
k € Z), show that u is persistent of any order. (3]
After having estimated the first NV terms of the impulse response,

g0, 91, ---gN—1, how can we build a FIR filter whose transfer function
is a good approximation to the true transfer function? Write the
corresponding difference equation. 3]

[END |



