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OYSTEM IDENTIFICA-
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O 2.
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QUCStLOﬂ. 1 (3) We reaar& the cgmplp:x. namber
x+iy o Le.eng e,quVql&n't to the vecter [;]e [Rz.

anr.e, Qk and Lk are Cna'ﬂ-pwd&nt, H\g, PranLFQitj
. . a .
al&fnSt,:j o; 'H\.e ramalom ve,c,'l:or [L::-] s 5(.:.,5)-'-'-5“(1)-5',(3)
where §, and §, are the densities of a, and b, res-
Q.h Can LL are normaﬂ‘zd Gmss;‘aﬂ: we
i
have  Su0= S0 = o €257, 5o that

_j_(xz+ z.)
: 4
;(zay)z 2T € * ’

r)ectiveg. SinCe.

(L) Since eh’"‘ C, i & rotated version of Ck s and
the ol&nsl‘l;j 5(2.,3) is Cnvnriqnt under rotation (;t
0”9 d&pexu!s on the radius r= Vx’-q*), it Eowas
that e'¥ec, has the same density as ¢, (as
Compu.f:e,c’. in par‘t (A)). -ﬂw,, e Y Cp (s hormaﬂi:eJ
Goussian . Since a; and Lj are :JnJ.meJ&nt °.f a, and by
(501’3':'”‘), any }-u,nctfﬂﬂ oﬁ nj,bd' is :‘ndg_{;e,mlui aﬁ any
‘;-unctioﬂ 0; a,, Lk' Thuas, the terms o} the Sequence q.{
randem  variables e”k‘t c, are iaoltpe,aol.e.nt af each
other. le.o, ‘)j Jce"m‘lv‘on, this is NormafiZeJ Gaussian
white neise.

(C.) W‘ul(.& hoise S ergpald'ﬁ- He.nce, the averages o;f the
whife noise (eivk ck) Converge Cvm"[ﬁ r;robaln‘&e j_) to

E(e£”kck)=e£”]‘E(Ck)=O. __4_



(d-) The cpmr,(g;g (onJuan".'e randpm Variaue C.orr‘Q.SPonJS
1o the randem vector LL:]’ W'v‘cln is agedn nonmal-

(zed Gaussian. Thus, €.) and afse (Eivk '5"")
malized white noise ﬁanqﬁs, So that

N .
Lira -LZeWkEL =O, wi th prolp. 1.
k=4

are ner-

N—.'oaoN_

Aclah‘.ng this 1o the resuft Srom Part (c), we
N

- p .
o A’gi"‘oo WL e ey =0, with prob. 4.
k=4

Talcina here. maf a.ML qu.ai‘na.fj parts, we o“w'n
‘Hm.e, desired statements.

(ﬁ) ASSume ’Hm.t wl;.: gpak+ gaa'k..q e +§nak—n.'

Then : N _ . ‘ N
L 'ﬁz m(yk)wk = q, Lim ﬁzm(”k)ak

m
N-co k=1 N—a =1

N - ’ N
u mqug (k) ayy ... + g, kim ﬁ-gm(uk)ak_n

N-®

thre. e.acln, tht on Hn-e n‘al-nt-‘mvwl sl‘J.e is 2ero,
For sin(0k) i place of cos(vk) the peoof is similar.

(5) W& C.O'“rll-l‘te- 405 | 106
= o E u, cos (0.04k) » 5= E; u, sin (0.04 k),

Since u, = A cos (0.04 k) singp + Asin (0.04k) @ ¢ + W, ,
‘LSI‘I‘I% the statement ;rom (3) we oblain  that

Cx %A Sin? y S= ZAA Cos:io.
From ‘\ere we Can e.nsi?j eS{:Emal'e A a.m:]. (P

_2_



Qu.estton. g_ (2) wi= g+ L

J'len ce ) A

'_'Y"/

g"' (fk ——

— 0
(b) J(B) hq_s a u.ni.cku..e minimum a.t e-':e

if and on?j if (\t)*d) is invertible, where [?4 ]

—amdf

Equivaeent%, D shoull have Sl ¢ cfl :
Column ""’"‘") e, 3 inc[epemcleni columns. C&OOJ
’5 this is the case, then 0= (b#g , Where

_ |2 # -4
y[:] wnd P (raTDr

© 15 w-v2=18 of the last two
columns o} C_’p géve,s & fimes er 5Crst Coeumn.) So

H’mt 3 "\as no um‘ci/u-e monimum . We how hcwe
the model - u 2
W, = A+ k., HYk—18
062. ﬁz + ek.
k| o2 pz)""ﬂ'}'_*ek:[i u:]‘ ﬁl +€k,
&7 B

From here, we can estimate the

twoe numbers 2- ‘ﬁz_ and L+ + -‘—2_ in the standard .
e f = P e43¥=200-3) J

(d) Var(e g ___!__“ —-C])é[z L% #
K = 571y "= 57 4" (1-0¢ )Y

/\A B i % . 4
(&)  Co® = Var(e,) (PD) .
— R



(j') For N measurements (It:l,Z,--.N)wE have

u Vg
¥ oo S v e
B 2 N Ll N 2 2
q)*q) » 2. U, Z g Z“k Y
k=14 k=1 k=1

N N
v: Zu;v: >, v:

2

= =
=

"
E .
*=

i

Since uk and 'U'k are ingPenAant wlu‘l:e noctse
SignARﬂa ij are d’ointgj e.rgoriic.. Tkerege&a
L E(uw) E(v2)

TP~ NI EW) E(4) E(wiop)
L_E (%) E(wiu) E(v) |

—n\e 3x3 Ma‘b‘lx on 'H\e riaH-—‘AAnJ stclg catoove
LS EnAepenJ-eva 05 N . T“U.w, Cp*d) grbws
()r“orprfionn.e?j to N Accor‘o‘zng to owr r‘esu.et
al Part (e) or, more prec,cseeg, be couse %y

Cov é\ = Var (ek) <¢*¢ )-1;

Cov@ (S ihverse Propartionaﬁ to N. _”’M,S'Dr‘
800 wmeasurements (insleml onOO) we ex_r\ed:

COVQ to Le Ll times Squeer.

..._.L,.__



QU\E‘S{:LOH 3 (3) Dencle «

« =d, -E(«), and
Sim(Q.a.r of ) ; so thal 7? = :{ + 0 : We \mue_
k> %k k k (Bk

CT = Bl hr) = B 8s) + EGbun) +

E(ék:;k-t> : ¥ E((‘&k[obk_.;) Since @'k) and (Pk) are
En&fe.nciu\t ﬁanaQS, the twe middl terms are zero

a.hd WE 3¢,t 3Y¥

. =Ci°C+C,M%.

13 <
Af'[\pjiﬂg the Z transge\.mn‘inn, 52!8: Sd¢+ Sﬂ%
(b) Dencte A(2)= 4+ a,z' ... *d g, B(z)=
by + b, %’ . +/£>,, 2% then by (1) A(z)ﬁ(z): B(z)ﬁ(z)ﬂ’}(z),
From gzp'l"w' we. ge’t Ag:Af)\+AQ=BG+G+A$.
ACCors\i,na 'E:: H\e, Pfouzm Statew\ent, A-:L is  stable .

A

Dencking 8= W+ A%, we obfaia

AR 4@ = B@ A + A@SEy. ™
According o our result §rom part (2) 10e heve
535= Sw " lA—ilz Svv Bj the Prnlalem stetement

we have Swwa 0.1, hence 535? 0.4. Since S is
Go-u.&'sm.n, this i.m[»lie.s ‘H\nt S (an L@_ repre.senteg\ as

l""""A P

8
= =€, Z,= stable, e white noise,
Sﬁncz_ E is S{Znuﬂ., E{:s impugse rcsponse (;k)
-t&ds 'to =ero omal W  can approxfmate. E "_'j
truncn'h“g its iMPuese. rp_sr)onse:

and>

T

The ooeﬁcc.ient ;o has been taken =1, which s

PoSSi‘Dke Bj f'e_sc.q,Qi.aS €. Now (*) Lecomes
A@YE) = B@AE@ + AT 8@,

which ¢s the desired ARMAX wmodel . — B

=@a L+g vy, 4 Epf =2,



(C) Dencking C(2)= A(z) =, (@, the ARMAX equalion
}fﬁm r»qr't G’) is Ag = Ba-f- ce. Bj cassump"r'on, A-'l

'S S'a':lQ Since E"' }rc” F“ri (L) s s‘nue, we may
assume that ale :'.‘3: (s shble. This implies thot C-1
is shbl. Divide the ARMAX equakon by C:
(A/c)ﬁ:(g/c)ﬁ+2, and inlroduce the imubre responses

A/C ond BLC :
ef 4 '—é—g’;;_—. I+ o2+ oly224,..
£

B(=z =1 &

E%{?): 0 +f.‘o,lz. +{52_z."+..
Since C* s shble, the sequences () ,,..dq?,k) tend to
(ze.ro-.) ’;}e,vu:.c,hI IE, l:!':;nc.a'h-ng AL ond B/C to fnoa:;aﬂe
in Z' a high oréer m , we get geod apreximelrons
fl\&oejunck'ons, and the ammx.fmgfz ARX meadel

Ykt Uy Y pyg o F Yy = ﬁo“k +‘3,u,‘_‘ v Pl ¥ Bk -

(d) WG. “Inve. r?; _’
3k =I—yl-l "z “Jk-m “p Yoy oo uk-ml ;’: T ek ‘
2" [
. T _ Lbn
Deno‘tma ?‘34 = K ;f‘l _pe A
g = ',jz p d‘) = Ez , @#=(¢*¢)'"@
' _‘gz",ﬂ"o i _cfzo,om 8 l

the optimal least squares estimate of e s 8=¢*g,.

(e) After l"’"i"g estimated 6 5“0'“ P"rt (d)) we can eshimale
(ex) using the ARX equation. Now we rewrile the ARMAX equ-

ption from the tep of this page as =G 43, , where
Pi "'["3;-1 Vokez ey Mk M Mkt By €y e"'?] ’

. 51-:[ a.4 o”. ras a-l,’ bo 54 ey bL' C4 CL er . Cq ],
ancl 5*-._._ Ek-l-new mer G error, Fl“pm here we (can es‘h‘m'ﬁ

g in the usual an (?= »n.;.l.'). -—-6.—.—



Question . (2) The impedance Z of the three
Comr.one.nts in parauee (s g.i\fe-n L_j

: = 18 i = CRELSZ-PLLS*-R
Zo T TRYLE T RLg ’

RL;S
CRL,s*+Ls+ R '

The transfer  function from u to y s
Z(s)

So that Z (5) =

G ()= = RL,*
Z(s) +Ls RL;s + Ls(CRLs*+Ls+R)
A4
_ Lc _ b,
2, L L+Ly 5%+ a,5s + a
S +RC S + Lth 4 o

Note 'Hm.t Lo s known, W"u'ce Q,, 2, are unknown. G

is stabfe, because a, and a, are >0,

(L) The sum o} the two inductor Vo U:cuaes s w,
l5 W is & r;osifive. C.ov\s‘Lnnt y H\en H\e f'.nciuc.l-&l,
curren ,:5 wv& 3row tb {nf{nif:j , Since L times

the derivative 05 Hne c.urrent Hnrough 'H'Le Enaluctin
L is the vol.taae of this inductor
is unstable . (More_
ﬂle 5351@»\

Henc.e, t‘le sg.sT&m

PfeCfSEg, Zero (s an e_(‘genyaﬂu_e oj

s and 'H'\e, Cor‘responaling e.iaenvectar iS unof:Ser-

vable.
€) We denote bj Ge(iwk) the values o} the frms_fer
_fu,nob'on determined usl'ng a sinusoidal Signoe u (he.r‘e,

k=1,2,...25), We have
b, =[(fwk)z ta, () + ao] Ga(r:wk) =~ B

where ek are Hle. € tion eérrors (rhl.e to mensurement
errors and mode€ mismatoh). —?.__



Thu,
E::wk)zGc(ewk) = by = [~iw, -1] G’(ewk)[:'] +e,.
. JL0

Y
i -
Ik P e

(d.) We NGH’E :5e.arclm:n3 Ngor the or,tc,m{)_ read 6. We
Put 31& = Re Yo P = Re P §or k=4,2,,,. 25,

nd gkz Im Ik-25" $k= L. Pr-25 Sor k=26,27,...50.

'evk (k;a,z,,,ﬁo) are cleF-‘ned

The new error terms
sirmwlarly. Th Y1 = S k= 4,2,...50
™ 5";%,\;2_ e;b' 5: ch.e T & o ’
and kz, € = kZ_\ekl ., The opfi'maﬁ 6 (w’uc‘L MANLMLZES
30 ! = A Ya A ~ [ ~
285 ) is gven by 8=, where ¥=[)-Tsd];
A X e =4 .
2 = [i } P2 (BT P From the esfimabed
Pso Q, we estimale R, ond then @’om a.o) L E

@) A____B _;], Bz[ﬂ, C= [, o], D=o0.

0

( d _ AT .
5‘) A®=e"", BY:= (eAT—I)AJ'B,
G*(x)= C(2I-A4Yip? 4+ 1

('H’\.q,s (s exac.{: J{sc—,r‘e'EiSatfon) Au:e,r‘ ’-;‘ve
we %et a 9aoal aﬂmr‘oxima{:ion to G4 ly Tusl-%:'s

formuea,: J
~G[2.z2-14
G (=) = G('T‘ .z+.{> ?

VC&Q&A l'f Hte. 0'-25 o} G are mud’l SMA.QQEJL
than ﬁ valees of fha 211:/"["’ the
sampling (reguen in rad /sec. In the speafic
P 9 ST WE’? B exnm/p\e; G is stable hence
8= also G is stable.




w
Question. 5‘ —b—l—r- g_ 'U.;pii— ,-y

+

@) Ij U and Y are C]oi,m':% e.r%ooL‘c., then the expecia‘tion
05 any }unction 05 w and Y (w"u.'ol\ may depend on
current and past vaﬂMF—s) can be a{;proxemf&l Lj
averaging o;er o Qpng time. [hus, fm E)anp’e, E(uk)=
= Lim —-Z u where the abreviation 4.s. C"aemast

N->ceo

J
5u.re) means H’mf ‘l’.’he- f.’.q«mL'_fj hvus ’w'Hl pr‘oLa.fo &51
A 5|m|far jprrnu’h kous 59 E(gk)a oLv:ousg :Deiq,o',l&

pk:“k”E(“k)? yk=yrE(3k
then 50r any TE Z , crgaa\;gﬂj fmldjes

N
CIJH — E o ) [-] q'__,::s. ) _‘,_
T (uk U_= ﬁ"’; N % J J -T
gu Q.S JT“
C E (3,{ W, . )__ Lm L Z
N-oo N

In Pra-c{:lca we have an% S—umtegj m c[atq. So
] av}j
'H\mf? in aﬂ- ‘Hw, above }ormu.(.a.s we hcwe fa replnr.&

L —z with NZ where N is Iwge  (omd the

N-—u-OO J—

storkng time o alngi;s on the data that we have), In

our 5r>€,ar«c- case WAE,!‘L L{*_ gnal g"_ are 3‘,‘\/@ };r b=

= 4,2, 6000 a\nd T= O 4 , we a{)pr‘aximab
. 6000
u - u -U..
C'z: Gooo ~-T- .‘l Z <u . )( ) é

_r+4

w,-\ere W is the averafae ofnﬂf owmenue, Y, (sa that W=
NE(Hk)). A similar appr‘ok-cmo;t;on con be useal for Cy"‘
(b) CY* = E(9 8 %or)= E(9 kuk—c) + E (u, uk—r-) =
= Czu - C:‘u , SO that C¥4= C™ +Cvu
= 3*Cu“+cwu’. —g—



(€) IE w and w are Eno\epemo\ant o} each OH‘U, then
Cwu':O) So ‘H’mt (accoraliﬂé to JcLe "3'5‘*9'{ ff‘om paft

(b)), Cguz g* Cuu, This  can be writlen as an
ing—inif_‘e matrix ec',lwtion.:

[ ~uu uu  uu = - = _
Co cv ey g c?

(3 )

C:“ Cou" Cf: o | 2, C‘?u
C,* C:u C, - 92 Cfu

Sane. gk—PO (L‘j 5‘fa|oi£€,{j), we can approximafe gkzo
Sm- k>30. Lookima on% at Hle_ _girst 24 e;yua.hions, we
now get 34 equa’tions with 34 unknowns 9072343+ 330 -

TIW- Coeﬁidenf.s C:: am’l C%: are nof known e}ncf%, L‘J’
‘tlxej I\ave &Jt&n e.sfﬁmatecl tn (3). RQCAQ'P ﬂ\at C_u: :C:—q_

(d) w is Persistexlt oj order N i5 the NxN {runcation
oj the inj-u:m:f:e matrix Srom (-ae %) is invertible, If
this is the case, and the Coeffxa'enfs in the E.t?u.n-tl:on
have been estimated suﬁiaentg occurately, then we can
SoLve the ‘f.ru,nca‘tei ecf/-u.zft‘on Jvr 30,34,... gm—j'

The matrix Srom (#%) is =0, hence any NxN
truncation o} it is alse 20. A mmatrix P>0 ¢ taver-
tible LS and onl.j L} P>O, L8, *Px >0 jor any vec-
ter x+0 o} mtcf«ing dimension . This implies that if
P>0 and we truncate P, keepin& @tiaa of Pi@
On?j its _girst ™ rows oand 55,-5{ m C.oﬂum ns, then the
truncated matrix is again >0 (Bence., rlnvertabze).

(e) G(x) = (1-032%)e@@), S™(x)=11-0.32**, it is easy to
See that I!—O.?::z._‘ll_ao,? Sor all z with |2.|=.‘1, hence the claim.

(§) The difference equation of the FIR filter is <u=in’,ut,)

3 v =output
W= B4k T DUp-g * 92Uk oo IN-1Ye-N+1 — 40_




