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Information for candidates:

The Multivarite Normal Density:

The probability density N(m, Q) of an n-vector, normal random variable with mean m and covariance
matrix Q (Q > 0) is

Nm,0)() = exp—3 {(x—m)7Q" (x—m)} .

(27)% (det Q)2

In the case that n = 1, m is a scalar and Q = o2 (62 > 0),

-
N(m,0%)(x) = -V#(jzexp (— (XZO'?) )

and, if X is a scalar random variable with probability density N(m, c2),

Prob{m—20 < X <m+20}~0.95.

The CramerfRao Lower Bound:

Take a family of probability densities {p(y;0)} parameterised by the k-vector 6. Let 6(y) be any unbi-
ased estimate of 6 given y. Then the covariance of 6(y) satisfies

cov{b(y)} > M (6)

where M(0) is the k x k Fisher Information Matrix, with components {m;;} defined by:

32
mij = —Ee{mz’og@f{y,ﬁ)} :
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1 a)
b)
E4.27CS2.3

Consider the stationary processes {x,} and {y,} generated by the stochastic
state space model

X4l = AX,- +bv,‘
y: = Cx,.
Here A4 is an n x n matrix with eigenvalues located strictly in the unit disc, C is

an » X n matrix, b is an n-vector, and {v,} is a scalar white noise process with
variance 2.

Derive equations for the covariance functions Ry (k) and R, (k) of {x,} and {y,}
respectively. [12]

Two correlated stationary processes {y} } and {)?} are described by the equa-
tions:

y}+l = J’:z + v

yr2+l _ayrl + Ve,

in which v, is a white noise process with variance . ¢ is an unknown positive
parameter. Suppose that

Determine the value of a. [8]

Hint: use the results of part (a).
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The scalar data sequence {yi,...,yn} is associated with the model
vi = xi0+¢ fori=1,....N,

in which {xi,...,xy} is a given sequence of numbers , and {¢;} is a sequence of inde-
pendent scalar random variables such that

e; ~ N(d,c*) fori=1,...,N.

Here, 0, d and 6(> 0) are parameters.

a) Assume that d = 0. Show that
2 A A
6* = (N-1)"'Y lyi—x6[
i=1

is an unbiased estimate of o2, where  is the least squares estimate of 6. [ 8]

b) Now assume that o2 is known. Show that the least squares estimates of 6 and

dare ~ -~ -~
2 Fe S Pyl — Py By
0=-= and d = —2 22

Fx Py

1

where my, m,, F, and 7y, are the sample means and covariances:

N

N
my = (I/N)len my = (1/N) X i

f=i] i=1

N
7e = (1/N) ;(x; —my)?, Py = (1/N) ‘ l(x; —mye) (i —my) .

=

[

[8]

' Derive formulae for the error variances E[(6— é)z] and E[(d — (})2] [4]
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3 a)
b)
E4.27 CS2.3

An N-vector random variable y is modelled as
y = x0+e, 3.1)

where x is a given N-vector, 6 is an unknown scalar parameter and e is a zero-
mean Gaussian random variable with given covariance

cov{e} = Q.
Let 6 be the weighted linear least squares estimate of 6 given y:
6 = ("g7x) x0Ty,

Show that 6 is an unbiased estimate of 6 given y, whose error covariance
achieves the Cramer Rao lower bound. [8]

Now consider the following random variable
z = agb +v,

in which gy is a given number, v is a zero mean, scalar Gaussian random vari-
able, independent of e, with given variance 0‘3, and 6 is the same unknown
constant as above. We can use the earlier estimate 6 of @ to obtain the follow-
ing estimate Z of z given y:

2= ayh.
Determine a 95% confidence interval for z given y, based on the estimate Z.

(The endpoints of the interval will depend on Q, a¢ and 0'02.) [4]

Let eq,...,ey be a finite sequence of of scalar random variables, N >> 1. De-
scribe a ‘large sample’ test for assessing whiteness of the sequence. Your de-
scription should include a summary of the properties of a white noise sequence
on which the test is based. [8]
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4. Consider the stationary process {y; } generated by the model
Yitay—1 = e +ce)

in which a, |a| < 1, and ¢ are constants and {e, } is a white noise sequence with var {e, } =
1.

a) Calculate the following covariances: Ry (0), R,(1) and R, (2). [8]
b) Let dy be the least squares estimate of g, based on the model
vi+ay,—; = ‘noise’ fort=1,...,N.
Calculate the asymptotic bias ¢ — .., where .. = limy .. dy. [8]
c) Now let

N N
A1) = (1/N) Y. yy-1 and #(2) = (I/N)Zlyfy;_z
=1 =

Show that the estimate

~
—_—
[ o)
—

Qs
I
|

It
—_
—
—

is an unbiased estimate of a. [4]

You should assume throughout that sample covariances can be replaced by covariances
as the sample size N — oo,
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5. A 1-dimensional state-space structure considered in econometric modelling is

X = —ax;—1 +bu_y
Vi = x+¢

Zy = U+ Wwr.

Here, {¢;} and {w,} are independent, scalar, Gaussian white noise processes, with vari-
ances o7 and o7 respectively. {#,} is a deterministic signal.

Measurements are taken, not of the state x, and the input %, but of the noise-corrupted
state and control y, and z,, respectively.

Derive a difference equation model, relating the output y, and the input z,, of the form
A2y = B(2)zi—1 +C1(2)er + Cowy—1

[2]
Take as data
y = i,e.oon)’ and z = [z,...,2v1]" .

Construct the log likelihood function of a, b, 62 and 62, given y and z. [12]

Hint: You should assume, for purposes of constructing this function, that initial terms
can be ignored, i.e. you should set yy, eg etc. to zero.

Now suppose that 6> = 0 and a and b are known. Show that the Maximum Likelihood
estimate of o7 is
6; = (1/N)l|A(a)y - bul|®

where A(a) is the matrix

1 0 0
a 1 0
0 a 1 0
0 0 a 1

[6]
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