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Information for candidates:
Some formulae relevant to the questions.

The normal N(m,o?) density:

System equations:

zx = Fzp_1+ug+wg
ye = Hzp+up+og.

Here, wy, and vy, are white noise sequences with covariances @* and QO respectively.

The Kalman filter equations are
Pg—1 = FP_ FT +Q°
Py = Pyg—1 — Puyg1 HT (HPye—1H + Q%)™ H Pyji—1,
Ki = Pyp 1 HT(HPpr H + Qo

Ty = Frp-1+ Ki(yr — Jrie-1) 5
in which -%k|k—1 = ka_l—-i-ui and gktk—l = Hﬁ:k!k_] —I—ui
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1. Consider a stationary zero mean continuous 2-vector stochastic process z(t) = [z (1), % (2)]T,

governed by the stochastic differential equation

d | z'(¢) —a; 0 z(t) 1

dt [ z2(t) | 0 —oo || 2%t) i g w(?)
in which w(t) is a stationary scalar white noise process with unit variance; i.e. Elw(t)w(s)] =
5(t — 8). a3 and ag are positive constants.

The discrete time process z = [z}, 73] is obtained by sampling the continuous time
process at times ..., —2h,—h,0,h,2h, ... ; thus
oy = z(kh).

(h, the sampling period, is a given positive constant.)
Show that zj satisfies a stochastic difference equation of the form
Ty = Fog_1+ vk,

in which vy is a 2-vector white noise process with covariance Q. Evaluate F' and Q.

: Show that covariance R of xj

R := cov{zi} (= Elzkz}]) -
satisfies the Lyapunov Equation
R = FRFT + Q

Solve the Lyapunov equation for R.

Why is R independent of h?

. Show that, in the case when aq/ag > 100 then the correlation coefficient

| p(ak,22) | < 0.1

where p(z!,z2) is the correlation coefficient of zj; and 2,

E|zix}]
p(wl?m%) == JL - 1
YT BEhY)? (B

1

(This illustrates the fact that, if the time constants associated with the scalar processes
z} and z} differ by an order of magnitude, then these processes are almost uncorrelated,
even if they are generated by the same noise process.)
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2. Denote the temperature of a reactor by z. A noisy measurement y is taken of z, using a

(b):

thermometer. The thermometer is sometimes faulty; when it is faulty it introduces a bias
of 1 unit in the measurement.

Model z as a normal random variable (z ~ N (0, 02)). Assume that y is governed by the
equation
y=z+n+b,

in which the noise term n is a normal random variable (n ~ N (0,02)) and the bias term
b is a discrete random variable taking values 0 or 1, with probabilities

Pp=0] = 1-P) and Pp=1] = P.

Here, 02, 02 and P, 0 < P < 1, are given positive constants. It is assumed that z emd n oA b
are independent.

. Show that the linear least squares estimate £y, of z given y is of the form

i, = Ky—a),
and evaluate the constants K and . 8]
Show that the nonlinear least squares estimate zy of = given y is of the form
iy = Kily—av),
for some constant Kj, where

) P x N(1,0% +02)()
o) = TP X N0, 02 + o2)w) + P x N(L,0Z + a2)(v)

and evaluate the constant K. [10]
Briefly comment on why &y, and & differ. 2]

Hint: Use Bayes’ rules to show that a(y) = Plb = 1|y]. Then note that p(z|y) is a
weighted sum of normal random variables given by

p(z|y) = p(z|y,b=0)pb=0) + p(z|y,b=1)pb= 1)
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4. Denote by zj the n-dimensional state of a deterministic system, with random initial state
zo. Noisy measurements yy of the state are taken at times k = 1,2,... Assume that the
evolution of the state and the measurement process are modelled by the equations

= Fap

ye = Hzp+ g .
Here, F and H are given n X n and 7 x n dimensional matrices. {vi} is Gaussian white
noise sequence, with covariance the given k x k matrix Q. g is a normal random variable

(zo ~ N(Zoj0, Pojo) for a given n-vector Zojp and given n X n matrix Pyo). It is assumed
that zo and {vi} are independent.

A recursive filter is required, to estimate the value of the initial state o, based on mea-
surement values Yok := {¥1,--- ¥k}, k = 1,2,.... Define the conditional means and
covariances of o given measurements up to time k:

Zok = Elzo|yrx] and Pop = cov{zo | y1:x} -

(a): Show Ithat
p(Yk | v1:6-1,%0) = N(HFFzo,Q)(ys) -

(b): Using Bayes’ rule in the form
log p(o | Y1)
= log p(yk | y1:6-1, o) + log p(zo 1 Y1:k—1) — log 26 Yi:k=1)

derive the recursive equations for Py, and Zoj:

— = RN\T 7T —1 k
Pye = Pgpy +(F) H QT HF

and [6]
Pytaoe = Popq@op-1+ (F)TH Q gk

(7]

(c): Suppose that n = r = 1 (scalar state and observations). Suppose further that Fop = 1,
F = 0.5 and Q = 1. Determine the limiting error covariance, Pojoot

P0|oo = hmk_,oo PUlk'
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5. Let X be a random variable with first and second moments
E[X]=0 and E[X? =0 (1)

(for some known constant 02.) A noisy ‘nonlinear’ measurement Y is taken of X. Assume
that Y is a random variable satisfying the equation

Y = W(X)+V,

in which the noise term V is a zero mean random variable with known variance o2 and
h(z) is the cubic nonlinearity
h(z) = 23 .

Coonstruct a linear estimator for X given Y of the form
X =KY

using the following method:
Step 1.

Assume that, for purposes of constructing the filter, X has a discrete distribution
px(x) = ad(a +0o) + (1 —2a)i(z) + ad(z — o),

for some a, 0 < a < 1; otherwise expressed, X is assumed to be a discrete random
variable taking values —a, 0 or o, with probability weights a, (1 —2a) and « respectively.
Determine the value of a such that X has the correct first two moments (see (1)) [4]
Step 2.

Calculate E[XY] and E[Y?], using the probability distribution for X that you have just
calculated. Choose the filter gain K to be the gain of the linear least squares estimator of
X given Y. [10]

(This estimate is a version of the widely used ‘unscented Kalman filter’)

An alternative approach to constructing a linear estimator (the ‘estended Kalman filter’)
is to assume z is a Gaussian random variable and to approximate the nonlinear function
h(z) by the linear function h(E[X]) +he(z — E [X]), taking the correct value and slope at
z = E[X]. Show that this gives an estimate:

tpxs = KeksY

where (4]
H=hy(E[X]) and Kgks= o
e EKS ™ Ho?H + oy
Why can we expect that the unscented Kalman filter performs far better than the extended
Kalman filter in the case (1)? 2]
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6. Consider the stationary, zero mean, Gaussian process yy, that satisfies the difference equa-
tion
Yk +0.5y5-1 = e + deg—1,

in which ey is a Gaussian white noise process with unit variance. d is a constant.

(a): Calculate the variance r4(0) of y:
ra(0) = Elyi]
(it will depend on the constant d). [10]

(b): Now suppose that the value of d depends on whether a fault has occurred. We consider
two hypotheses:

(Ho): (a fault has not occurred) d = 0

(H1): (a fault has occurred) d = 2.

Write F[A] , ¢ = 0, 1, for the probability of the event A under hypotheses (Hp) and (H;)
respectively.

For a single value of k, a perfect measurement of z = y is taken. Design a Neyman
Pearson-type decision rule §(z) that takes values 0 (no fault) and 1 (fault), and which
maximizes the power of test, namely

Pi[6(z) = 1]

(the probability that the rule will detect a fault if it has occurred) at the 0.05 significance
level, i.e. under the following constraint on the probability of a false alarm:

Pold(z) = 1] = 0.05.

ESEN=D

Determine the power of the test.

You may use the following data about a normal random = ~ N(0,1):

c : 0.039 001 1.28 3.84
Pla?>d : 0.95 074 0.26 0.05

Estimation and Fault Detection 2008 Exam Page 8 of 8



