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Information for candidates:
Some formulae relevant to the questions.

The normal N(m,o?) density:

_ 1 (y —m)?
p(y) = s (———202 )

System equations:

Ty = ka_1+u3+wk
Y = Hzp+u+v.

Here, wy, and v, are white noise sequences with covariances @Q° and Q° respectively.

The Kalman filter equations are

Pyg-1 = FP._FT +@Q*

Py = Pije-1 — Pup—1 H (H Pige—1 H™ + Q°) ™ H Pygje1

Ki = Pyp—1HT(HPy—1HT +Q°)7,

Tk = Zik—1 + Ke(Yk — Drjr—1) »

in which Zyp—1 = FZp_y +v° and Qrp—1 = HIpp1 +u°
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1. The relative concentrations z; and z» of two chemical reagents in a reactor are described

by the differential equations

$1(8) = —a(z1(t) — z2(t)) + w(?)
Da(t) = —a(z2(t) — z1(2) —w(t),

in which @ > 0 is a constant and w(t) is scalar, ‘continuous time’ white noise with
intensity o2, Show that, for all ¢,

z1(t) + z2(t) = ¢ (1)

for some constant c¢. Assume that ¢ = 1. (This means that the equations are consistent
with an interpretation of z; and z4 as ‘relative concentrations’.)

For same fixed sample period A, measurements y, are taken of z1(kh), k=...,-1,0,+1,....
The measurements are modelled as

Yp = ml(kh) + e (2)

where e is some white noise process independent of w(t), with intensity o2. Develop a
stochastic difference equation for y; which includes as inputs a discrete time white noise
process vy, related to w(t) and ex. The equation coefficients will depend on @, 02 and 02.

Can y;. be regarded as a ‘biased’ ARMA model, i.e. as a process satisfying the equations
Y = —Q1Yg—1 + ble;c + bze;c__l + £,

in which e, is a white noise process and £ is a constant? You should briefly explain your
answer, without doing any calculations.

Hint: Write z(t) = z1(t) — 22(¢). Then
Step 1: Derive a scalar stochastic differential equation for z(t).
Step 2: Derive a stochastic difference equation for the sampled values z(kh).

Step 3: Derive stochastic difference equations for z;(kh) and yy, using (1) and (2).
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2. An object is located at a random position x lying on a straight line passing through two
distinct points xo and x; in the plane. A sensor provides a measurement yof x. yis
modelled as a random variable satisfying

y =x+n,

where n is a random variable, independent of x, with E[n] = 0 and cov{n} = 02Izxs.

Assume that the mean of x is the midpoint of the line joining x¢ and x; and the variance
of its displacement along the line is o2.

Show that, if x is modelled as
1
X = Xg+ (5 + a”xl —_ X0||F1) (XI - XQ), (3)

in which « is a scalar random variable with
Ele)=0 and var{a} =07,

then x has the specified mean and variance properties. [3]

(llzl]| = (Z2 +... + z,%)% is the Euclidean length of the n-vector z.)

Determine the linear least squares estimate & of a given y. 4]

Show that the mean square estimation error is

2

Ela—4)* = 0'2?031 x o2 .
[7]
Construct an estimate X of x given y from (3) and determine the mean square error
Ellx — %|[>. [4]
Briefly explain why the estimator % of x given y minimizes the least squares estimation
error over all linear estimators that take values on the line through xg and x;. [2]

You may use standard formulae of linear least squares estimation, and also the matrix
identity, valid for any 8 > 0 and any n-vector z,

z7 [ﬁ2fnxn + ZZT]_I z = (m) HZ“2 A
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3a: Signal and measurement processes zx and y respectively are described by

3b:

T = Fay 1+ wy
y = Hzy 4+ vy

for t = 1,2,.... Here, {w;} and {v;} are independent white noise sequences. Denote
their covariances by @° and Q° respectively. It is assumed that {w;}, {v:} and zg are
independent.

Under what conditions on the modelling parameters do the predicted error covariances,
error covariance matrices and the Kalman gain matrices Pyx_;, P and Kj converge: 2]

-Pklk—l — S, P}c —% P, and Kk — K7
Derive equations for the limiting matrices S, P and K. 8]

An object moves along the line. Measurements ¥y, are taken of its position at sample times
kT, k =0,1,2.... (T is the sample period.) Assume that the position zj, velocity vy and
measurement Y at time kh are modelled by the equations:

Ty = Tgp—1+ TVk—1, Vg =Vk—1+ Wk

and
Yr = T+ €

in which wy and e; are independent white noise processes with intensity 02 and of re-
spectively.

The widely used alpha-beta filter recursively computes estimates Z; and 9y of z; and vy,
given y;.x, by means of the following equations:

& = Zx—1+Thk—1+alyr — (Ex—1 + TDr-1)]
O = Ok—1+B[yk — (Br—1+ Tr-1)]

in which « and G are design parameters.

Show that standard conditions are satisfied under which the Kalman filter parameters
converge. [4]

Show that alpha-beta filter can be interpreted as the asymptotic Kalman filter, if & and

[ are chosen to be:
512

$11
I T
$11 +0j

811 + G’%

where {s;;} are the entries of the matrix § = limy_, Pyx_;. (For this part of the question,
it is not necessary to derive the formulae for s;; and s;2.) 6]
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4. Consider the signal and measurement processes described by the equations

T = Fryy +wy
U = th + Ut
fort =1,2,..., in which {w;} and {v;} are independent Gaussian white noise sequences,

with covariances Q° and Q° respectively, independent of zg ~ N (2o, Py). Write, for times
t>1,520,

ﬁtls = E[z"t!yl:s]: Pt|s = cov{:t:t|y1;3}
§i|s = E[‘Qﬂ?y’l:s]

and write, briefly, Z; = T4y, Pt = Py.

Derive the following equations relating the one-step-backwards smoothed estimate Byjp41
of z; and its error covariance Fiji+1 to the un-smoothed estimate &; and its error covariance
PB;:

-1
Eyjpr1 = &+ BFTHT (H(FPtFT +Q)HT + QO) (Y41 — HFZy)
Piws = P~ RFTHT (H(FRFT +Q)HT +Q°) " HFP.

You should take the following steps in your derivation:

Step 1: Calculate

Elzi|y14], E[ytﬂ]yl:t]: cov {xhyﬂ-l[yl:t} and CO‘\"_{y:+1|ylzt}-

8]

Step 2: Apply the standard formulae for the solution to the ‘static’ linear least squares
estimation problem and for the error covariance. [4]

Now suppose that the processes {z:} and {y;} are scalar (write f = F, h = H, 02 = Q°,
02, = Q° pt = B, etc.) Suppose also that the smoothed estimate will only be used if
it gives a sufficiently large reduction in error variance, i.e. the percentage reduction in
the error covariance that results from using the smoothed estimate %4441 instead of the
un-smoothed estimate &; is at least o x 100%, i.e.

P — B S o
—>p

Show F; must satisfy:

h20? + o2, a

P
¢ e *1-a

\%
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5.

(a):

Consider the vector signal and scalar measurement processes described by

2y = Frp_ 14w
y = Y(ze) + v

fort =1,2,... Here, {w;} and {v;} are independent, Gaussian, white noise sequences,
with covariances Q* and o2, respectively, independent of o ~ N (&g, Py). F is a given
matrix and ¥(z) is a given function.

State the equations of the Extended Kalman Filter (EKF) for the recursive compu-
tation of an estimate Z; of z; given y;.+ and an approximation to the error covariance.
Explain how it is related to the Kalman filter, and the approximations made in its
construction.

: The position z} of a target and the position 7 of a moving sensor, in one dimension,

are described by the scalar equations

A, | 1 2 _ .2
Tip1 = Ty +weyy and 7P, = wiy
where {w}} and {w?} are Gaussian white noise processes with variances o? and o3.
The sensor provides noisy measurements of the relative position of the target to the
SENSOT:

Ye+1 = Y(Te41) + 0

where v; is a Gaussian, white noise process with variance o2, and 1(z) is the nonlinear
function
¥(z) = o1 —z2f (z=(z1,22)7).

It is assumed that {w}}, {w?}, {v:}, z{ and z3 are independent.
Derive the Extended Kalman Filter equations giving an estimate Z; = (z},%7)7 of

the joint position z; = (z},z?)T of the target and sensor, and an approximation of
the error covariance.
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6. The output from a measuring device is modelled as a non-zero mean, stationary, scalar
stochastic process y; governed by the equations

Y = 0.5yi—1 +d+e;.

Here, e; is a Gaussian, white noise process with e; ~ N(0,02 = 4/3) and d is a constant.
Determine the mean my and variance o2 of the process y. (m, will depend on d.) (3]

Now consider two hypotheses

(Ho) : a fault has not occurred, in which case d = 0,
(H1) : a fault has occurred, in which case d = 3 .

A single measurement y; is taken (at some time t). Construct a Neyman-Pearson decision
function
_J 1 accept (H;)
Oy) = { 0 accept (Ho)
which will detect the occurrence of a fault at the 0.05 significance level, i.e. the decision
function is such that the probability of the occurrence of a false alarm is 0.05. 8]

Determine the power of the test, i.e. the probability that a fault will be detected, if it has
occurred. [4]

You may use the data below, listing some relevant values of the function F(z):

+00
F(z) = \/%/z e =24y,

(Note that, for a positive number z, F(-2) =1 — F(2).)

Z 0 [ 01]02]03]/]035]|045| 0.5 |1.65
F(z) | 0.5 | 047 | 0.42 [ 0.38 | 0.36 | 0.33 | 0.31 | 0.05
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