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Design of Linear Multivariable Control Systems
Solutions 2008
Since [A — sI B| loses rank for s = —3 and s = —5, they are uncontrol-
lable modes, and since [A” — sI C7] loses rank for s = 4 and s = -5,

they are unobservable modes. Since the uncontrollable modes are stable,
the realisation is stabilisable, and since one of the unobservable modes is
unstable, the realisation is not detectable.

Since the modes A = —3 and A = —5 are uncontrollable, they cannot
be assigned via state feedback and so they are eigenvalues of A — BK.
Similarly, since A = 4 and A = —5 are unobservable modes, they cannot
be assigned via output injection and so they are eigenvalues of A — LC'
By removing the uncontrollable and/or unobservable modes we get the
minimal realisation
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The inequality implies that A’P+PA < 0. Let z # 0 be a right eigenvector
of A and let )\ be the corresponding eigenvalue. Then multiplying the
inequality from the left by 2’ and from the right by 2 gives (/\+5\)z'Pz <= €
Since P > 0 and z # 0 then 2'Pz > 0 and it follows that A+ A < 0 so that
A is stable.

Since A is stable, ||H||,, <« if and only if, with z(0) =0,
v (i 2/
J: /; [v'y— yu'uldt <O,

for all u(t) such that |lull2 < oco. If [|ulls is bounded, then lim #(t) = 0.
Now,

/{]m%[x’Px]dt:x(oo)'Pa:(oo) —z(0)' Pz(0)=0.
So,
0 = /0 ' Po+a' Pidt = fo [(Az+Bu) P+ P(Az+ Bu))dt
= /0 [/ (A'P+PA)s+2'PBu+u B Pzldt.
Use y=Cz and add the last expression to J and using the hint,
J = /0 [/ (A'P+PA+C'C)e+1' PBu+u' B Pr— vu'u]dt
= [W(AP+PA+C'C +v*PBB'P)z—|(u—y""B'Pa)|Pldt <0

from the inequality. It follows that |H| s < 7. Comparing with the
inequality, it follows that v = 2.



2. (a) Inject a signal d in between G(s) and K(s) and call the input to G(s) u. The
loop is internally stable if and only if the transfer matrix from [ f« 1 to [ : ]
is stable (no poles in the closed right half plane). Since
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the loop is internally stable if and only if 7-!(s) is stable.
(b) Since G(s) is stable, we proceed as follows. Note that
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Finally, since (I — GK)™! = I + GK(I — GK)™, it follows that if G is sta-
ble, then the loop is internally stable if and only if @ := K(I — GK)™' is
stable. Rearranging terms shows that K internally stabilising if and only if
K = Q(I + GQ)™! for some stable Q.
(c) Since K is required to be internally stabilising, K = Q(I + GQ)™! for some
stable @ from Part (b). We search for a stable @ to satisfy the requirements.

i Since the transfer matrix from r to e is
S(s) = (I - G(s)K(s))™ =1+ G(s)Q(s)

we need
I + GQ|loo < 1.

ii Let the input to A be € while the output from A be §. Then ¢ = C'§ where
C = (I — GK)"!GK which is stable. Now C = GK(I — GK)™! = GQ.
The small gain theorem implies that for K to stabilise the loop in Figure
2.2 for all A such that |A|, < 1, we must have

IGQllo < 1.
Since G(s) is minimum phase G(s)™! is stable and we set Q(s) = aG(s) and
choose a to satisfy the design specifications. The specification in (i) requires
|1+a|<l & —1<1+0e<l & —§<a<—l-
2 2 2 2 2
The second specification requires that

ol <1 & —1<a<l

Combining these specifications, a family of internally stabilising controllers
that achieves the design specifications is given by K = Q(I + GQ)! where
Q = aG(s)™! and where —1 < a < —3- That is, K = {2G(s)™".

For the last part, since KS = Q = aG™!, it follows that the smallest achievable

1K Sloo is 0.5]Gloo.



3. (a) Let V =27 Pz and set u = Fz. Provided that P = P? >0 and V < 0 along

closed-loop trajectories, we can assume thrgo z(t)=0. Then

V=i"Pzr+g" Pi=1" (ATP+PA+F"B"P+PBF)x.
Integrating from 0 to co and using z(o0) = 0,

/ " 2" (ATP+PA+FTB" P+ PBF) zdt = —af Pao.
0

(b) Using the definition of J and adding the last equation,
J =2 Pag+ / "|ATP+ PA+1+FTF+ FTB"P+ PBF)xdt.
0

Completing the square using (F+ BTP)T(F+ BTP) = FTF+ FTBTP+ PBF +

PBBP gives J =17 Pxo+ [{tT[ATP+PA+I — PBBTP]w+H(F+BTP):;:H2}dt.
0

Since the last term is always nonnegative, it follows that the minimizing value

of F is given by F = —BTP. We can set the term in square brackets to zero
provided P satisfies the Riccati equation,

ATP+ PA+I1-PBBTP=0.

It follows that the minimum value of J is z§ Pxo.

(c) For closed loop stability we need to prove that A, := A — BB'P is stable.
The Riccati equation can be written as AP + PA.+ I+ PBB'P = 0. Let
A € C be an eigenvalue of A, and z # 0 be the corresponding eigenvector.
Pre- and post-multiplying the Riccati equation be 2’ and z respectively gives
(A+A)2'Pz+2'2+2’PBB'Pz=0. Since P >0and 2z # 0, 2Pz >0, 22> 0
and 2/PBB’ > 0. It follows that A\ + X\ < 0 and the closed loop is stable.

(d) By direct evaluation, L(jw)'L(jw) =
I-F(jwI—-A)'B=B'(—jwl-A)'F+B'(—jwl-A)'F'F(jwI-A)™'B
But F'F = A/ P+ PA+1 = —(—jwl — A")P — P(jwI — A)+1I from the Riccati
equation. So, L(jw)'L(jw)

= [ - F(jwl — A)"'B— B'(—jwl — A')"'F'
+B'(—jwl — A) = (=jwl — A)P — P(jwl — A) + I|(jwI — A)"'B
= [ —[F+ BP|(jwl — A)7'B - B'(—jwl — A")"![F' + PB]
+B'(—jwl — A (jwl — A)7'B = I + G(jw)'G(jw)

(e) Let € be the input to A and § be the output of A. Then € = § + FGe =
(I-FG)™14. Using the small gain theorem (since the regulator is stable and the
perturbation is assumed stable), the loop is stable if ||A(I—=FG) ™|l < 1. But
Part (d) implies that g[I — FG(jw)] > 1Vw which implies ||(/ — FG) ™| < 1.

This shows that the loop will tolerate perturbations A of size |A|| < 1 without
losing internal stability.



4. (a) It is clear that we require K to internally stabilize the nominal model.

(i) Suppose that A; = 0 and let the input to A, be e, while the output from A,
be d,. Then a calculation shows that e; = — K Sd, where S = (I+GK)™!
the sensitivity which is stable. Using the small gain theorem, to satisfy the
first design requirement, it is sufficient that ||As(jw) K (jw)S(jw)| < 1, Vw.
This can be satisfied if |W,K S|, < 1, where W, = w; ' I.

(ii) An analogous procedure shows that to satisfy the second design require-
ment, it is sufficient that |A; (jw) (jw)|| < 1,Vw. This can be satisfied if
||W18|| < 1, where Wy = wi 1.

(iii) For the nominal loop, y, = (I + GK)™'GKTr so that (I + GK)y, = GKr.
For the loop with Ay = 0, y; = (I+(I+4A;)*GK)~}(I+A;:)*GKr so that
(I+(I+A)'GK)y, = (I+A;)"'GKr. Substituting (I+GK)y, = GKr
and multiplying from the left by (I + A;) gives (I + A1 + GK)y, = (I +
GK)y, and so (I+GK)(yo—y1) = A1y or Yo—y1 = SAyy;. Thus to satisfy
the robust tracking requirement, it is sufficient that ||e™'W, S| <1

We can combine the second and third requirements as ||W S|« < 1 where

W = Wi/min(l,e). To satisfy all three design requirements, it is sufficient

WS
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(b) The design specifications reduce to the requirement that the transfer matrix
from r to z = [2] 2I]T in the following diagram has H.-norm less than 1.

Tzl T 2

W(S) W2(S)

T‘ﬁ L > K(S) u: G(S) a&——b—y

that < 1.

The corresponding generalized regulator formulation is to find an internally
stabilizing K such that ||F(P, K)|| < 1:
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The (1, 1) block of the inequality gives the inequality A’P + PA < 0. Let
z # 0 be a right eigenvector of A and let A be the corresponding eigenvalue.
Then multiplying the inequality from the left by 2’ and from the right by 2
gives (A + )2’ Pz < 0. Since P > 0 it follows that z'Pz > 0 and it follows
that A+ A < 0 so that A is stable.

Since A is stable, | H||,, < v if and only if, with z(0) = 0, J := [f{y'y—
y/uldt < 0, for all u(t) such that ||ull; < co. If ||jul|s is bounded, then
tl_igl()&:(ﬁ) = 0. Now, [5°& [z’ Pz]dt=1(c0) Pz(00)—z(0)' Pz(0)=0. So,

0= [~ (@'Pa+a'Ps)dt= [ o/ (AP+PA)a+a'PBu+u'B'Peld.
0
Use y=Cz + Du and add the last expression to J

Fis f “[/(A'P+PA+C'C)e+22/(PB+C'Dyu+ /(D' D—~*I)uldt
0

M

B /w[ o ] AP+PA+C'C PB+C'D|[=],,

~Jo BP+DC DD-~M||u|
It follows that J < 0, and so |H|« < v, if M < 0. This proves the result.
Substituting v = Ly, y = Cz + w, into the state equation gives

$=(A4;CLC)x+[BBCL}w, yz%xir[ODcI}w.

It follows that Ty, (s) = D, + Ce(s] — A;) "' B..

Using the results of part (a), by replacing A, B, C and D by A., B, C and
D, we have that there exists a feasible L if there exists P = PT > 0 such
that

(A+LC)YP+ P(A+LC)+C'C PB PL+C'
B'P —~I 0 < 0.
L'P+C 0 —(y=-1I

Noting that the only nonlinearity is due to the product PL, we define
Z = PL and so there exists a feasible L if there exists P = PT > 0 and Z
such that

AP+PA+ZC+C'Z+C'C PB Z+C
B'P I 0
7'+ C 0 —(y=-1I
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(a) The generalized regulator formulation is given by
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(b) The requirement ||H|, < 7 is equivalent to J := ||z|[§ —72|_|w”§ < 0. Let
V =2TXz and set u= Fz. Provided that X = X7 >0 and V <0 along the
closed-loop trajectory, we can assume t1im z(t)=0. Then

V=i"Xz+a"Xi=a" (ATX+XA+FTB"X+XBF) z+12"X Bu+w’ BT Xz.
Integrating from 0 to oo and using z(0) = z(oc0) = 0,
0= fo lo” (ATX+ XA+FTBTX+ X BF) o+5" X Bw+w” BT Xa]dt.

Using the definition of J and adding the last equation, J =
f{ﬂATX+ XA+C"C+FTF+F"BTX+ XBFz— [Bw w—z"Z"w —w"Zz) }dt
0

where Z = F+ BTX and § = 942 =1 > 0 since v > 1 by assumption.
Completing the squares by using

ZTZ=FTF+F'BTX + XBF+XBBTX
|[(\/Ew- VB BT Xz)|? = pw'w—w"BTXz - 2" X Bw+p'2"X BB X z,

J= /{mTIATX+XA+GTC—XBBTX]x+(1+ﬁ'1)||zx||2—”\/Bw—\/,?fzx”z}dz.
0

Thus two sufficient conditions for J <0 are the existence of X such that
ATX+ XA+C7C—XBB*X=0, X=XT>0.

The feedback gain is obtained by setting Z = 0 so F=—B7X. The worst case
disturbance is w* =8"'Zz = 0. The closed-loop with u = Fz and w = w* is
&=[A—BB7T X|z and a third condition is Re \;|]A—BBTX]<0, V i. It remains
to prove V < 0 for u=Fz and w=0. But

V=2"(A"X+XA+F"B"X+XBF) z=—2"(CTC+XBB"X)z <0

for all z#£0 (since (A, B, C) is assumed minimal) proving closed-loop stability.

(c) It is clear that our procedure breaks down if v < 1 since in that case 3 < 0.
Thus the smallest value of v is 1.



