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DESIGN OF LINEAR MULTIVARIABLE CONTROL SYSTEMS

1. a) Let the transfer matrix G(s) have a state space realisation

G(s) =
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1) Find the uncontrollable and/or unobservable modes and determine whether
the realisation is detectable and stabilisable. [4]

ii) Obtain a minimum realisation of G(s). [4]

b) Consider a state—variable model described by the dynamics

x(t) = Ax(t)+Bu(?)

¥1) = Cx(z).
i) Suppose there exists @ = Q7 > 0 such that
ATQ+0A <0.
Prove that A is stable. [6]
ii) Suppose there exist Q = Q7 > 0 and Y such that

ATo+0A+YC+CTYT <0.

Prove that the pair (A, C) is detectable. [6]
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a)

b)

Define internal stability for the feedback loop shown in Figure 2.1 below and
derive necessary and sufficient conditions for which this feedback loop is inter-
nally stable. [5]

Suppose that the transfer matrix G(s) in the feedback loop in Figure 2.1 is sta-
ble. Derive a parameterization of all internally stabilizing controllers K(s) for
the feedback loop. [6]

Y

K(s)
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Figure 2.1

Consider the feedback loop in Figure 2.2. Suppose that G(s) := D+ C(sI —
A)~1B is square, stable and minimum—phase and that D is nonsingular. Let
A(s) represent a stable uncertainty. Design an internally stabilising compen-
sator K(s) such that

i) The order of K(s) is the same as that of G(s). [3]
if) The feedback loop in Figure 2.2 is internally stable for all A(s) satis-
fying
[A]les < 1.
[3]
iii) The DC loop gain satisfies & (K(0)G(0)) = 2, where &(-) denotes the

largest singular value. [3]

The compensator K(s) should be given in terms of G(s).

Y

Y

Figure 2.2
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3. Figure 3.1 illustrates the implementation of the control law u(t) = —Kx(t) +r(t) which
(when r(¢) = 0) minimises

T o 8d) = /U " () TCTCx(t) + u(t) u(r)) dt

subject to %(t) = Ax(t) + Bu(t), x(0) = xo where K = BTP and P = PT is the unique
stabilising solution of the Riccati equation AP+ PA — PBBTP + CTC = 0. Assume
that the triple (4, B,C) is minimal. Let F(s) = (sI —A)~!B, G(s) = C(sI —A)~'B and
L(s) =I+KF(s).

¥z u X
X=Ax+Bu = K >
Figure 3.1
a) Let S(s) denote the transfer matrix from r to  in Figure 3.1. By evaluating a
return difference equality, or otherwise, prove that ||S]|. < 1. [6]

b) Suppose that

Derive a minimal state-space realisation G(s) = C(sI —A)~'B and evaluate K
for this realisation. [6]

c) Let G(s) and K be as in Part (b). Suppose a stable uncertainty A (s) is introduced
as shown in Figure 3.2. Derive the maximal stability radius (using the #2.—
norm as a measure) for A(s) that can be deduced from Part (a) and the small
gain theorem. [8]

Figure 3.2
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4. Consider the feedback configuration in Figure 4. Here, G(s) is a plant model and K(s)
is a compensator. The signals d (s) and d5(s) represent disturbance signals. Let

=55 ]

The design specifications are to synthesize a compensator K(s) such that the feedback
loop is internally stable and, for all real w,

> IyGio)|l < w1 (jw)~!| |d(jw)],

o [(jo)l < w2(jo)7 [d(je)l,

where wi (s) and wy(s) are given filters.

dy(s)

G(s) =

K(S) » >
¥(s) us) =

Figure 4

a) Derive J#.—norm bounds, in terms of G(s), K(s), wi(s) and wa(s) that are
sufficient to achieve the design specifications. [6]

b) Define suitable cost signals z;(s) and z3(s) and draw a block diagram, of the
same form as Figure 4, showing z;(s) and z;(s) as well as suitable weighting
functions. [6]

c) Hence derive a generalised regulator formulation of the design problem that
captures the sufficient conditions. [8]
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5. a) Let G(s) =D+ C(sI —A)~'B and let ¥ > 0 be given.

i) Suppose there exists P = PT > 0 such that
ATP+PA+C'C C'D+PB | 5.1)
D'C+B™P D'D-pU ' ’
Show that A is stable and ||G|l. < 7. [4]

ii) Using a Schur type argument show that (5.1) is satisfied if and only if
ATP+PA PB (T

B'™P  —y1 D' | <0. (5.2)
c D I
[4]
ii) By pre-and post—multiplying (5.2) by appropriate matrices show that

A is stable and |G|l < 7 if there exists @ = Q7 0 such that

AQ+QAT B QOCT
BT -y DT | <0. (5.3)
co D I

[4]

b) Consider the regulator shown in Figure 5 for which it is assumed that the triple
(A,B,C) is minimal and x(0) = 0. Let z = [ j ] and let H(s) denote the
2

transfer matrix from w to z. A stabilizing state—feedback gain matrix F is to be
designed such that, for y > 0, ||H||~ < 7.

22

Figure 5

i) Derive a state—space realisation for the closed-loop system H(s) in
terms of A, B, C and F. [4]

ii) By using Part (a) above, or otherwise, derive sufficient conditions for
the existence of a feasible F' in the form of linear matrix inequality
conditions. [4]
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6. Consider the regulator shown in Figure 6 for which it is assumed that the triple (4,B,C)
is minimal and x(0) = 0.

Figure 6

Let H(s) denote the transfer matrix from w to z. A stabilizing state—feedback gain ma-

trix F is to be designed such that, for y> 0, ||H||. < 7.
a) Write down the generalized regulator system for this design problem. [4]
b) By using the Lyapunov function V(¢) = x(¢)7Xx(t), where X is to be deter-

mined, derive sufficient conditions for the solution of the design problem. Your
conditions should be in the form of the existence of a certain solution to an
algebraic Riccati equation. It should also include an expression for F and an
expression for the worst—case disturbance w. [10]

c) Suppose that A is stable. Show that the optimal value of y is equal to 0. (Hint:
Look carefully at Figure 6.) [3]

d) Suppose that A is unstable. Show that the optimal value of 7 is greater than 1.
(Hint: Set y = 1 and show that the closed-loop A—matrix is unstable.) [3]
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SOLUTIONS: DESIGN OF LINEAR MULTIVARIABLE CONTROL SYSTEMS 2009
1. a) i) Since [ A—sI B | loses rank for s = 3, 3 is an uncontrollable mode,

and since [ AT g1 T } loses rank for s = 4, 4 is an unobservable
mode. Since the uncontrollable mode is unstable, the realisation is not
stabilisable and since the unobservable mode is unstable, the realisa-
tion is not detectable.

ii) By removing the uncontrollable and unobservable parts we get the
minimal realisation

1
G(s)< | 2
1

o o=
o Ol

b) i) Suppose that A is an eigenvalue of A and let z # 0 be the correspond-
ing eigenvector. Then Az = Az. Pre— and post-multiplying the matrix
inequality by z’ and z, respectively, we get

(A+24)7 0z <0.

Since z# 0 and Q > 0, this implies that 7Qz > 0 so that A + A < 0 and
so A is stable.

i) The pair (A,C) is detectable if and only if there exists L such that
A+ LC is stable. That is, the pair (4,C) is detectable if and only if
there exist L and Q = Q7 > 0 such that

(A+LC)TQ+Q(A+LC) < 0.

Comparing this with the inequality in the question, it follows that the
pair (A, C) is detectable by identifying ¥ with QL.
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a)

b)

c)

Inject a signal r(s) in between G(s) and K(s) and let u(s) be the input to G(s)
and y(s) be the input to K(s). The loop is internally stable if and only if the
transfer matrix from { wie) ] to l: u(s) ] is stable (no poles in the closed right

r(s) y(s)
half plane). Since

o)=L 0 )=o)
the loop is internally stable if and only if 7'(s) ™" is stable.

Since G(s) is stable, we proceed as follows. Note that

i S B | i Y

[—é(s) _KI(S)]_I - [(11 1—555?3(3)]4{—&@ ?r

Lo Voo e 1]

Finally, since (I—G(s)K(s))™" = I+ G(s)K(s) (I — G(s)K(s))™", it follows
that if G(s) is stable, then the loop is internally stable if and only if Q(s) :=

K(s)(I—G(s)K(s))™" is stable. Rearranging terms shows that K(s) is inter-
nally stabilizing if and only if K(s) = Q(s) (I+G(s)Q(s))™" for some stable
Q(s)-

Since G is stable and K is required to be internally stabilising, K = Q(I+GQ) ™!
for some stable Q from Part (b). We search for a stable Q to satisfy the design
requirements. Let the input to A be & while the output from A be 8. Then a
simple calculation shows that € = (I — KG)~!§. Now

(I-KG)™'=1+0G.

The small gain theorem implies that for K to stabilise the loop in Figure 2.2
for all A such that ||All» < 1, we must have that |/ + QG| < 1. We set
Q(s) = kG(s)~" where k is chosen to be nondynamic to ensure K(s) has the
same order as G(s). Thus we require |1 +k| <1 or

-2<k<0.
Also, K(0)G(0) = kI/(1+k) so we require

|l+k

It follows that k = —2 will satisfy both specifications, although other values of
k will also satisfy the specifications. Thus

K(s) = —2G(s)™!
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a)

b)

c)
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A simple calculation shows that S(s) = L(s) ~!. By direct evaluation, L(— jo)" L(jo) =

I+K(jol—A)"'B+BT (—jol-AT)'KT + BT (—joI-AT) KT K (jwI—-A)"'B.
But

KTK=ATP+PA+CTC=—(—jol-AT)P—-P(jwI —A)+CTC
from the Riccati equation. So, L(—j®)TL(j®)

= I+K(jol-A)"'B+B (—jol —AT) kT
+B7 (—jol —AT) " [—(—jwl —AT)P - P(joI — A)+CTC|(jol —A)~'B
= I+[K—BTP|(joI —A)"'B+B" (—jwl - AT)"'[KT — PB]
+BT (—jol —AT)'cTC(jwl —A)'B =1+ G(—jo) ' CTCG(jo).
It follows that all the singular values of L(jw) are greater than or equal to 1.

Since S = L~! it follows that all the singular values of S(j®) are less than or
equal to 1 and s0 || S|l < 1.

A minimal state—space realisation of G(s) is given by

-3 0’2 0

s[A|B] | 0 —4|0 V3
G(”)_[C|D]_ 2 010 0
0 V3|0 0

Setting P = diag(P;, P») the Riccati equation implies
—3P, — 3P, —4P} +4 =0, —4P, — 4Py - 3P} +3=0
which has stabilising solutions P, = 0.5 and P, = 1/3. Hence K = B'P =
diag(1,1//3).
Let € be the input to A and & be the output of A. Then
e=—K(6+Fe)=—(I+KF)"'KS.

Using the small gain theorem (since the regulator is stable and the perturbation
is assumed stable), the loop is stable if ||A(/ + KF)™'K||. < 1. But Part (a)
implies that ||(I+ KF)™!|| < 1. Furthermore, the largest singular value of K
is equal to 1 from Part (b). Hence the loop will tolerate perturbations of size
(measured in the .5%.—norm) at least 1 without losing internal stability, since
|All < 1 implies that

lA(I+KF) K| < 1.

w&-’,{([



4. a) It is clear that we require K (s) to be internally stabilising.

B A simple calculation shows that y(s) = Tyq(s)d(s) where
La(s) = [ (I+G(s)K(s))™" —(I+G(s)K(s)™" G(s) ]-

It follows that a sufficient condition to achieve the first design specifica-
tionis || T4 (jo)|| < |wi1(j®)~| Ve or, equivalently, |W;Ty4||. < 1, where
Wi(s) =wi(s)L.

o A similar calculation shows that u(s) = T,4(s)d(s) where

Tua(s) = [ K(s)(I+G(s)K(s))™" —K(s)(I+G(s)K(s))" G(s) |-

It follows that a sufficient condition to achieve the second design speci-
fication is || Tz(j®)|| < [w2(j®)~!| Yo or, equivalently, |[W2Tp4lle < 1,
where Wy (s) = wa(s)I.

Thus, to satisfy both design requirements, it is sufficient that

W1Tq ]
-] < 1‘
1 e |1

b) The cost signals are given as zj(s) = Wi(s)y(s) and z2(s) = Wa(s)u(s). The
block diagram incorporating z; (s) and z»(s) is shown below.

| 21(s) T 22(s)
Wi(s) Wa(s) dy(s)
L '
d 1 (S)
:ﬂ 2 K (s) :u = G (s) ==
¥(s) u(s)
c) The corresponding generalised regulator formulation is to find an internally

stabilising K (s) such that ||.%(P,K)||. < 1 where

Wi(s) —Wi(s)G(s) | —Wi(s)G(s)
[z _[Puls) Pa(s) | _ : ;
€9=| 50 [ 70=| ) Pzz(s)]_{ N CEE* ]
2(s) . dl)
P(s) u(s
y(s) = ¢ i
> K(s)

Design of Linear Multivariable Control Systems 16/ « I (



a)

b)

)

iii)

Suppose that A is an eigenvalue of A and let z # 0 be the corresponding
eigenvector. Then Az = Az. Pre— and pos—-multiplying the (1,1) block
of the matrix inequality by z’ and z, respectively, we get (A + 1)z Pz <
0. Since z # 0 and P > 0, this implies that /Pz > 0 so that A + 4 < 0
and so A is stable. Let x(¢),u(z) and y(z) be the state, input and output
signals and assume that x(0) = 0. Since A is stable, rli'n}a,ac(r) = 0. Now

|Gl < yif and only if J := [5* (y"y — Y*u"u) dt <0, ||ju]|2 < e. For
P=P7, [* & (x"Px)dt = x(e0)" Px(e0) —x(0)" Px(0) = 0. So

oo

0= / (" Px+x" Px) dt = ] (x" (AT P+PA)x-+x" PBu+u" B" Px) dt.
0 0

Use y = Cx + Du and add the last expression t0 J,
e ATP+PA+CTC PB+C'™D |[ x
_ T =
J_/O Ea { B'P+D'C  D'D—pI || u |
Thus J < 0 from the inequality (5.1) and 50 ||G||. < 7.
We can write the matrix in (5.1) as
ATP+PA PB c*

|5 S]] e 21

A Schur argument now shows that (5.1) is equivalent to (5.2).

Pre- and post-multiplying (5.2) by diag(Q,7,I) where Q = P~! shows
that (5.2) and (5.3) are equivalent and proves the result.

Now

%=Ax+Bu+Bw=(A+BF)x+Bw, z= [ Cx ] = [ ¢ }x_

F

It follows from Part (a.iii) that A+ BF is stable and ||H || < ¥ if there
exists Q = Q7 > 0 such that

It follows that H(s) = [ : } (sI— (A+BF))™'B.

(A+BF)Q+QA+BF)" B QCT QFT

BT I 0 0
co 6o -r o |*%
FO 0 @ =

Defining ¥ = FQ shows that A + BF is stable and ||H||.. < 7 if there

" exist @ = QT > 0 and Y such that

AQ+QAT +BY+Y'™BT B QCcT YT

BT I 0 0
co o -1 o |=©
14 0 i =]
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a)

b)

d)

The generalized regulator formulation is given by

Al B|B
) | ars T e TPl Pa) . [BLE
L(s)]"’(s)[u(s)]’“(“)‘F)’(S)’P(s)—[Pu(s) Pzz(S)]_ vjolt

The requirement ||H || < 7 is equivalent to J := ||z]|3 — 7?|[w||3 < 0. Let V =
xTXx and set u = Fx. Provided that X = X7 > 0 and V < 0 along the closed—
loop trajectory, we can assume flim x(t) = 0. Then
V=x"Xx+x"Xx=x"(ATX + XA+ F"B"X + XBF)x+x" XBw+w' B'Xx.
Integrating from 0 to e and using x(0) = x(e) =0,

0= / (x"(ATX + XA+ F"B"X + XBF)x+x"XBw+w"B"Xx) dt.
0

Using the definition of J and adding the last equation,

J= / (x"(ATX+XA+F"F+F"B"X+XBF)x—(yw"w—x"XBw—w’ B Xx)) dt.
0

Let Z = F + BTX. Completing the squares by using

F FTF+FTB"X + XBF +XBB'X
lyw—=y'B"Xx||* = Pw'w—w'B'Xx—x"XBw+y *x" XBB Xx,

J= / (" (ATX +XA - (1 -y )XBBTX)x+ || Zx||* - ||yw — v ' BT Xx||?) dt.
0
Thus two sufficient conditions for J < 0 are the existence of X such that
ATX+XA—-(1-7y>)XBB'X =0, X=XTs0.

The feedback gain is F = —B” X and the worst case disturbance is w* =y 2B Xx.
The closed-loop is £ = (A— (1 —y*)BBTX) x and a third condition is there-
fore Re A; (A— (1—7"%)BB"X) < 0Vi.

By inspecting Figure 6, it is clear that, provided A is stable, we can set F =0
and w will have no effect on z and so the optimal value of yis 0.

Recall that the closed-loop A-matrix is A — (1 — y~2)BBTX. Setting y = 1
shows that the closed—loop A-matrix is equal to A, which is unstable by as-
sumption. Thus the optimal value of ¥ is greater than 1.
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