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1. (a) {unseen modification of standard result}
The g-formulation of the differene equation is gz, = Axy. + bg’u.
By taking Z-transforms we obtain
2(2%(z2) — x,) = Az?(2) + b22(v?(2) — up—u127"!). Hence
(2I—A)x? (z) = bz*u?(2) — b2%up — bzuy + 220, SO
2% (z) = (2I-A)"'02%u? (2) — (2]—A)1b22ug — (2I—A) b2y + (2I—A) 2z and
Y2 (2) = 22¢/ (2I—-A) 710 + 2¢' (2I—A) 'z, — ' (2I—A)10{2%ug + zu1}, [3]

(b) {unseen}

(i) v4(2) =c' (2] — A)7bu? (2) + 2c' (21— A) ' z,. [1]
[0 1 0 01 0 0 0 2
(i) A%2=(0 0 2|0 0 2|(=1]0 0 2a
[0 0 a]|0 0 «a 0 0 o
(0 0 270 1 0 0 0 2a 00 2
A3=10 0 2|0 0 2|=1]0 0 22| =a|0 0 2a| =aA?
[0 0 &*|[0 0 « 0 0 o 0 0 o

At = A3A = (aA?)A = aA® = o2 A?

.

so p(a) = o* 2, [5]
(iii) Since all the u;, are zero, y = ¢/ A*z, so

y2(2) = 2%z, + 271 Ay + 272 A2z, + 273 AP, + 27 Aty +

= 2%z, + 27 Az, + 272 A%z, + az 73 Az, + P27 APz, ...

= 2%z, + 271/ Az, + 272 ’A2$0(1 +azl+a?z724+..))

]

= 2z, + 271 Az, + Ty ¢ Ax,.

(-az
Hence H?(z) = %" + 27 'c’A + m c A% [5]
(iv) From part (b-i): the pulse Z-transfer function is G#(z) = c/(2]—A) b
and the contribution to y%(z) from z,is z¢'(2I—A) 'z, 0 H#(z) of part (b-ii)
equals z¢'(zI—A)"!. Therefore we obtain GZ(z) = z ' H?(z)b. 3]

(¢) {small modification of a standard result}
The Variation of Constants formula gives the difference equation
o (tpyy) = eAllen—tz(3,) + ft"” A=) by (1)dT
AT, k 4 ftim Altg— "Jb(*r—tk)ukd'r
= Az(ty) + buy
where A = 47T and (after making the change of variable § = 7—)

b= L;Fe“i(j"gjﬂdﬁb. Hence the required difference equation is

H

Trs1 = Azy + buy. where z; = z(t,.) for all k. [3]
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2. (a) {bookwork}
Now GP(v) a TG?(14~4T) so the poles p” of GP () are the values of 7 for which
G?(144T) is infinite. Hence 1+pPT = p? for all i, i.e. p? = %(pf—l) for all i. 13]
The system is BIBO-stable iff |p?| < 1, i.e. iff p” € {ilr—.(z—l) 2zl < 1}
={2—%:|2| < %} Hence for BIBO-stability the poles of G”(+) should all
belong to the hatched area shown in Figure A2.1 below. (2]

(b) {unseen}
(iNow z7(z) = (21— {I+AT}) " H{Tbu?(z) + zz,} so
zP(y) = T2 (144T) = TU+yTI-I-AT) Y{Tbu? (1+~T) + (14+4T)z, }
= T(T(yI-A)) " YTou? (1+4T) + (1+9T)z,}
= (Y- Ay H{bTu? (144T) + (144T)z,}
= (YI=A) 1{bu(y) + (14+4T)z,}
= (YI-A)'ouP (7) + (141T)(vI - A) .
Hence y°(y) = ¢/ (yI-A)buP () + (144T)c (vI—A) L .
Therefore GP(y) = ¢/ (yI-A) b = c'(sI-A)7"b|,_, = G%(~), which is the
connection required between G (v)and G*(s). [5]

(ii) The system is BIBO-stable if each eigenvalue of /+ AT has modulus smaller than 1,
Now [+AT = VV I4+VAVIT = V(I + AT)V ! so the eigenvalues of  + AT
are 1+\,T and |[1+A,T| = /(1 4+ R(\)T)? + I(AT)? which is not necessarily smaller

than one even if 2R();) < 0. Hence the discrete-time approximation is not necessarily BIBO-

stable even if the original continuous-time system is (continuous-time) BIBO-stable. [4]

(iii)The standard exact relationship is that z;,; = Azj+Buy, where A = e and
Bz jBTe"’TdTB.
We can write 7 as e472e477 j e.as e4T2(e~47"2)~1, Approximating e72 by
(I+AT/2)and e T2 by (I— AT /2) gives the approximation (I+AT/2) (I—AT/2) 'to A.
Hence (2.3) is dt BIBO-stable iff each eigenvalue of (/+AT/2)(I—AT'/2) ' has modulus
smaller than one. Now
(I+AT/2)(I-AT/2) ! = (VV I4+VAV-IT/2)(VV I -VAV-IT/2) !
= V({I+AT/2)V U V{I-AT/2)V ! = VI+AT/2)(I-AT/2) V!
= Vdiag{... %}\l‘%’:—i ... }V 1. Consequently system (2.3) is BIBO-stable iff for all 4

14+A0,T/2 LENT/2 _ 4NT/2]  VOHROGNT)2+(3(0)T/2)2 :
|1—,\,T,f-),[ < 1.Now |1.-,\;sz = |1--)~,-T;'2f = ORI TGO < 1if Re(N;) < 0. Hence

system (2.3) is discrete-time BIBO-stable if system (2.1) is continuous-time BIBO-stable. [6]

Figure A2.1
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3. (a) {modified bookwork}

(b)

(©)

2 e}a.'[k-JJI}T_i_e--Ju'[k—rrr]'.L"
Now uy, = thukm—Zh cos(wk —m)T) =3 hp 5
m—O m-— m=0
2 -mJ —juwlk—m)T
=Yh + Z Ry =g —
m=0 " m=0
m - 9
m-—D m=0 2
2 wnl m)T
= TS p €T 4 o Jw“z o o fork > 3
m=0
(since we have been told that h;, = Ofor k > 2)

L{e**ThF (WT') 4 e~k hF (—uT')] 5]
= [ ThE (WT) + e #*ThF (WT')*] (since the hy are real)

% MT|hf( )|ej__nf{ﬂ') + e—jwkl‘“hF(wTHe j-_h.f'(m-T]]
= LRF (WT)|[eHkT A" WD) 4 g flukT+AF W)}
|hF (WT)| cos(WkT+£hF (WT)) (A3.1)

as required. [4]

{new example}

2
Now G2 () w2 Jif"‘””) Tl o 1402+12%s0 ho=1, =0,y =1. [2]

The pole-zero configuration is shown in Figure A3.1 below and, since 7" = 1,
CF(wT) = C%(eMT) = 14e 24T 5o CF (wT)| o = 2and CF(wT)| o,y =1-1=0.
This indicates that the frequency response (|C* (wT)| — v — w) is that shown

in Figure A3.2.

Consequently (A3.1) indicates that u;, = Oforall & > 3. [3]
In detail, u? (2) = C%(z)e?(z) where C%(z) = (zﬂigzﬂ) - 3‘;51 and
20y _2lz—cos(wT)) 22
(2) = 22—2zcos(wT)+1 — 2241°
Hence u? (z) = znz"g-l Zﬁl = 1and consequently {u;} = {1,0,0,0, ...},
which is consistent with the result predicted from the pole-zero pattern above. [3]
{new example } Here
3 =2
w/(2) = bl (2) = potgme?(2) = (142 )u?(2) (A32)
Z¢, - '

where w? (z) = mp—_l(”)z-_—, Hence (14+27'—227?)w?(z) = e?(z) so we have

w?(2) = e?(z)—2z" w?(2)+22 2w’ (z). (A3.3)

Taking the inverse Z-transforms of (A3.2) and (A3.3), we obtain the canonical direct

realization

[3]

Uy = Wt Wg-2;, Wi = € —

Figure A3.1 ¢
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Figure A3.2 \—/
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4, {all parts unseen}

(a) The pulse Z-transfer function for the minor loop in the forward path is 1+U_‘I?¥5T—"l = ;_!\1.55.(.]:715:{\"
i
—2.5 0.5 0.5
z 1p —
The value of H%(z)is ¢/(2I—A) 'b = [0.25 025][ 45 2_1_0_5} [04
[2+.5 —0.5
p 3 9
[0.25 0.25] 45 - 25} [ ]/{ (240.5)(z — 2.5) + 2.25}
- [2+.5 -05 ¢ 5
=[0.25 0.25] L5 -9 5] [ ]/{z —2z+1}
B 0.5z 0.25(z+1)
=[0.25 0.25] 225+051125}/{ =% ="
K(z—1 0.25(2+1 0.25K (241
The complete forward path is :—\1&0.731\' X (sfl; 1. (:—1+0_;r51{4}{:]—11'
U.Eélf:':+}__l
Hence the closed-loop transfer function is —— '&g}ii‘;f;"
(—140.75K)(:—1)
0.25K(z+1) o 0.25K(z+1) 14]

= (—140.15K)(z—1)10.25K (z+1) _ (z—1P+K(:—05)"
(b) Let the closed-loop denominator be denoted d(z) = (z — 1)* + K(z — 0.5)
=22+2(K-2)+1-0.5K.
Thend(1l) = 05K > 0iff K > O0and d(—1) = 4—1.5K > 0iff K < % The Jury array is:
|1-05K | K-2| 1]
and the corresponding stability condition is [1 — 0.5K | < 1, i.e. K € (0,4).
Hence K, = % [5]

(c) Since the closed-loop denominator is d(z) = (z — 1)? + K (z — 0.5) the corresponding

root-locus is that for G# (z) = (—‘—I)Q— The break points oy for this root locus are amongst the

1

_ 1
solutions of 5 =i 5

i.e. 0,—1 = 2(0,—0.5). Hence o, = 0. Therefore the

root-locus is that shown in Figure A4.1 below. The root-locus shows there is a gain that locates

both closed-loop poles at the origin and the gain required is ' = (ﬁ/{lT” == [5]
(d) The Initial Value Theorem gives ey _|*1|I—I‘TI e”(z2) _--I_iinx ,,[[,.illj = 0. The inversion integral
involved gives ¢ = 2%} 351. e (z)2*1dz where I’y is the circle in the complex plane that is
centred on the origin and has radius 1. For k > 2, 273 4, e?(2)e¥ tdy = % ‘ Iz{%%%z" ldz
= oL o, N2z = residue of ELI A2 @1 = (:-1) ELL |~ 15, 3]

(e) The cancellation of the forward path pole at z = 1 leaves the the A-matrix of the controlled
system with 1 as an eigenvalue and this, in the presence of any noise and errors in parameter

values, might well cause at least one state to diverge to cc. 3]

/@

Fowe Ak |
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5

(a) {bookwork}

p
Lt bethe lasttow of the controllability mstrix M andlet ¥ = | P24
pfA” 1
p' p'V!
3 ! r—1
Then VV-1=17Iso| P A V! = I'and consequently | * 4¥ =1
'pfAn_l p!An ly -1
Therefore
p'V-! =[1 0 0 0]
p'AV1 =[0 1 0 0]
p/An1y -1 [0 0 0 1]
Hence
. p'AV! 0 1 0 0
p'A p' A2V 1 0 0 1 0
VAV = a | AV = =] ..
p' A2 plAr gl 0 0 1
prAn—l pr‘Aﬂ-V * * * * *
which is a companion matrix C. Consequently A =V 'CV, (8]

(1) {unseencase}
The root-locus is that of Figure AS5.1 so there is no gain K that locates the closed-

loop poles (i.e. eigenvalues) at 0.2. ) 12]

Agwe AS | .
(i) {Application of standard method to unseen case}
1 3 4 -2 4 =2
e |5 A1) <2l pn=[ 4, 2]
|M| = 4 # 0so the system is reachable.

!

“d

alc-wb(.ﬂ olo

1 _1[2 2] _[05 05 . ey g
M —4[2 dd=1los 1 . Therefore p” = lastrowof M~ = [0.5 1].
FA — 0B I3 | _ i
o' =08 1] o _1|=[05 03]

[P ] _Jos 1 G g |85 1] _[-2 4
V_[;o*A]‘[M 05|V =m®m| 05 05|~ |2 -2

The corresponding companion matrix 1s
B o, _Jos 171 3 1[-2 4] Jo 1
o =VAY _{0.5 0.5”0 —1H2 —2]‘[1 0]
where o’ = lastrowof C, = [1 0].
The desired characteristic polynomial = (A — 0.2)(A — 0.2) = A? — 0.4\ + 0.04

= A% — o\ — ¢ so the coefficient vector ¢’ = [—0.04 0.4].
The required feedback vector f is therefore

Nl (N N -/
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6. (a) {bookwork}
Aand M are similar implies that A = PM P! for a suitable P. Then
M — A| = A\I-PMP~}| = |APP~! = PMP!| = |P(AI-M)P!| = |P||]A\I-
= |\I—M]|. Therefore the eigenvalues of A (which are the values of A such that [\]-A| = 0)

are the eigenvalues of M. [3]

b'r‘ [
br.

(b) (i) {away of analysing the situation that is different from that used in the lectures

N |::Ck+1] = [( Aﬂsk-l-b('rk*f;‘fk} } o [ A'Tk_bffﬁk) ]
(

Thi1 A—Ec’)’x‘k—klyk + b(_?‘;,—f’f;c) A”b'x“p%c’xk—bf’ﬁk‘

_l’_

A -bf T b] = — [A —bf |+ _[b]
= | A(_b_bf,}[ﬁk}—k{b]rk—Aa:k—rbrkwhere Am[lc’ ob_ bf’}b [b_‘
= I 01[4 =bf 1[I o©
=1
e LA o |
[T o A—bf bf’ B Al bf'l  [AD bf']
T I Il A-bf —A%4bf | T | ATl - AC+bf A [0 A%

s0, by a property of block upper-triangular matrices, the eigenvalues of A are the eigenvalues
of A/ = A—bf’ together with the eigenvalues of A” = A—Ic'. The eigenvalues of A
determine overall performance and the above result reveals that f and [ can be designed

separately without interaction. This makes such design relatively simple. [9]

(ii) {extension of bookwork} If f and [ are chosen so the eigenvalues of A—bfand A—Ic’
are all zero then it follows from above that all the eigenvalues of A are zero.
A is similar to a companion matrix for which the bottom row contains only zeros

(since all its eigenvalues are zero).. Therefore A=PC ?_1 for an appropriate P

0100
y - 0010
where C = 8 0o 1 . Since r;, = 0, it follows thatz;, = A:cU
0000
T - —— =1
-——(PCP) .(PCP )z, = PC*P 7,.Note that
01 0 001 00 001 0 0o 1 o]fo 1 0 0
62_00100010_000153_~—2—_00010010
“looo 1|looo 1| Joooo|"” T " looo0oo0[{0o0 01
000 O0||0 00O 00 0 0 000 0|]0 0 0 0
00 1 0 001 0]Jo 1 0 0] 00 0 1
000 0| =4 3= _ |0 0 0 0||0O O 1 0] _ |0 0 0O 0
10 0 0 0 C_CC—{J{](}U 000 1| Umnia"d
0 0 0 0 0 0 0 0 00 0 0} 0 0 0 0
000 1701 00 000 0]
=5 =i 00 0O0O[|0O0T1O0f_|00O0OO =k
Cr=0 = 006 1lle aa 1l=lo oo D.ConsequentlyC—Ofora!l
0000]/[000O0TO 000 0

k > 5. Therefore T, = 0, forall K > 5. Hence both z; and Z). become zero by time %5,
whatever the initial conditions of the plant and observer, which seems attractive.

A downside is that large control actions might be needed. (8]
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