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1) Consider the problem of periodogram based spectral estimation.

a) Explain the trade-off between the finite data length, maximum frequency
in the signal, and the prescribed resolution and bandwidth:

b) Bartlett’s method partitions the input data z[n], n = 0,...,N — 1 into
K nonoverlapping sequences of length L, that is N = K x L.

i) Given that the resolution of the standard periodogram is Aw =
0.89%, what is the resolution of Bartlett’s periodogram estimate?

ii) Bartlett’s method is used to estimate the power spectrum of a process
from a sequence of N = 2000 samples. What is the minimum length
L that may be used for each sequence if we are to have a resolution of
Aw = 0.005. Explain why it would not be advantageous to increase
L beyond the value found in the part ¢) above.

¢) Many commercial Fourier analysers continuously update the estimate of
the power spectrum of a process z[n] by exponential averaging of peri-

odograms, as follows
11
, f€ (_E’ 5}

where z;[n] = z[n + iN] is the i~th block of N data samples. The above
update equation is initialised with P_{(f) =0, V.

2

N-1
Bi(f) = ABoa(f) + % ‘Z 2;[n]e~72mfn
| n=0

i) Assume that the periodogram is a random variable. Provide a de-
tailed explanation of the fact that for stationary processes the above
equation effectively performs low-pass filtering of the periodogram
estimates, where A is the coefficient of such a filter, and define the
range for the parameter A so that such an estimator is stable.

ii) Assume the following notation

N-1 2

Z T [n]e—ﬂﬂfn

n=0

Qi(f) = %

and express P;(f) in terms of only Qx(f), k = 0,...,i. Hence or
otherwise, explain the effect of the windowing of the input data on
the bias and variance of the estimator F;(f) given above.
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2) Consider the problem of spectrum estimation of sinusoidal signals.

a)

b)

Spectral line splitting occurs when & single sinusoid in the spectrum is
estimated as two sinusoids with frequencies close to the true frequency.
Explain why parametric spectrum estimation methods are prone to this
problem and suggest some ways to mitigate this effect.

Explain the autocorrelation method for autoregressive spectrum estima-
tion.

The maximum entropy (ME) method is also based on autoregressive spec-
trum estimation. Provide a comparison of the autocorrelation method and

the ME method.

We would like to estimate the spectrum of a sinusoid using methods specif-
ically designed for frequency estimation, which are based on the eigende-
composition of the autocorrelation matrix. For the estimation of one
single frequency, the signal z(n) and its autocorrelation r,(n) are given

by

z(n) = A1@™! 4+ w(n)
re(n) = Pref® 4 o25(k)

where P; = |A;|? is the power of the complex exponential and w(n) is
white noise with variance 2.

i) If the useful signal and noise are uncorrelated, write down the ex-
pression for the autocorrelation matrix R, in terms of the signal
autocorrelation matrix R, and the noise autocorrelation matrix R,.
What is the rank of the signal autocorrelation matrix and the eigen-
structure of the noise autocorrelation matrix?

ii) Let v; denote a noise eigenvector and Vj(e/) = M 1 v, (k)e vk =
efv;. Write down the expression for a single frequency estimator
based on this noise eigenvector. State the steps in the derivation of
this method and explain whether such a spectrum is accurate over
the whole frequency range.
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3) The coefficient update of the signed-regressor least mean square (LMS) algo-
rithm is given by

w(k +1) = w(k) + pe(k)sign(x(k))

where e(k) = d(k) — y(k), d(k),w(k), and x(k) are respectively the desired
response, coefficient vector and input vector, and the sign operator is applied
to the vector x(k) component-wise.

a) Given Price’s theorem which states that for a pair o and 8 of zero mean
jointly Gaussian random variables, the statistical expectation E{a sign(3)}
is given by

; 1 /2
E{asign(B)} = m\/j E{af}
ogVm
and any other necessary assumptions, which should be stated, show that
i)

E{sign(x(k))xT (k)} = glx»\/—g R where R = E{x(k)xT(k)}

[4
ii) The misalignment for the signed-regressor LMS algorithm v(k) =
w(k) — wop:(k) can be expressed as
1 /2
E{vik+1)}={I-p—1/=R| E{v(k)}
ox ¥V
where Wop, is the optimal Wiener weight vector. (6]
ili) Explain how the upper bound on the learning rate which preserves
stability of this algorithm would be different from that for the LMS.
[4]
b) Consider a cost function given by
J(k) = le(k)]
Show that the signed error LMS algorithm is a stochastic gradient solution
based on the optimisation of this cost function. Write down the weight
update equation for this algorithm and explain how you would derive a
normalised signed error LMS algorithm.
(Hint: the derivative of |e| is sign(e)). 6]
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4) Consider the problem of finite impulse response (FIR) adaptive filtering.
a) A so called mixed norm cost function is given by
J(k) = Me(k)| + (1 — A)e*(k)

where e(k) is the instantaneous output error of the filter and 0 < A\ < 1
is a convex mixing parameter.

i) Derive a stochastic gradient based least mean square (LMS) type
algorithm based on this cost function and compare the minimisation
problem of LMS with this minimisation problem.

(Hint: the derivative of |e(k)| is sign(e(k)).

ii) Compare the behaviour of the mixed norm cost function for a small
output error against its behaviour for a large output error. Hence
provide the motivation for mixed norm adaptive filtering.

iii) If the convex mixing parameter A is made gradient adaptive, explain
whether an adaptive filtering algorithm based on the mixed norm
cost function can be realised via a hybrid filtering configuration.

b) The outputs #(k+1) and §(k+1) of a dual channel (bivariate) real valued
adaptive filter are given by
#(k+1) = al(k)x(k)+bT (k)y(k)
jk+1) = T (k)x(k) +d(k)y(k)
where a(k), b(k), c(k) and d(k) are filter coefficient vectors, and x(k) and
y(k) are the tap input vectors for the two input channels.

i) Based on the output errors e, (k) = z(k) — Z(k) and ey (k) = y(k) —
9(k), where z(k) and y(k) are teaching signals for the z and y chan-
nels, and the cost function

1
T(k) = 5 [2(K) + E2(8)]
show that the LMS weight updates for the coefficient vectors a(k)
and b(k) are given by
alk+1) = a(k)+ pexz(k)x(k)
b(k+1) = b(k)+ pez(k)y(k)

ii) Can this adaptive filter be realised using a collaborative (hybrid)

filtering configuration?
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5) Consider an adaptive finite impulse response (FIR) filter.

a)

b)

d)

Draw the block diagram of an adaptive prediction configuration and ex-
plain the operation of this adaptive filtering architecture.

The adaptive prediction configuration can be used for adaptive line en-
hancement. Explain the relationship between the delay element within the
adaptive line enhancement configuration and the correlation structure of
the external noise source.

A stochastic gradient weight update is given by
w(k+1)=w(k) — uVwJ(k)

where w(k) are filter weights at time instant & and p is the learning rate,
a small positive constant. Derive the standard least mean square (LMS)
algorithm based on the minimisation of the squared instantaneous output
error J = %eg(k). Explain the role of the learning rate.

The Least Mean Fourth (LMF) adaptive filtering algorithm is based on
the minimisation of the cost function given by

J(k) = e*(k)

i) Derive the LMS type weight update for this algorithm, based on the
stochastic gradient update given in part c) of this question. In your
own words comment on the sensitivity of this algorithm to the choice
of the learning rate.

(Hint: compare the steepness of the fourth order error surface of
LMF and the second order error surface of LMS)

ii) The teaching signal for the LMF algorithm is given by
d(k) = x" (k)Wope (K) + (k)

where x(k) is the input vector to the filter, wp, is the optimal weight
vector, and ¢(k) is white Gaussian noise. Write down the minimum
achievable mean square error Jp,i, for the LMF algorithm and ex-
plain why it is the same as Jy, for the LMS algorithm.

ii) Describe in your own words the difference between the LMF and
LMS algorithms. Which algorithm do you expect to perform better
for a small error e(k), and which for a large error?
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1) ) [bookwork] AL
>

e Suppose we know the maximum frequency in the signal wy,q., and the
required resolution Aw. Then
2T dmaz

Aw)?m = N > At

e [f we want to achieve both the prescribed resolution and bandwidth, then

1
Qg = T > Bltrian & 2w < Aw

hence
dmag

Q 7
—_—=—w that is T < o N>
2 T maxr Wma.x Aw

e If we know the signal duration ( %‘1 = Wmaz = 1T < =2— )

Wmaz

2 s | W 2t marWmaz
T T

tmaz X Wmaz — time-bandwidth product of a signal.

N>

b) [bookwork and new example]

Bartlett’s method aims at reducing the variance of the periodogram by the fac-
tor of K, at the expense of decreasing the resolution by the same factor. Thus
the resolution Aw = 0.89K %\?

i) From a), N = k x L, and the minimum length to achieve the resolution
of Aw = 0.005 is calculated from the standard periodogram resolution for L
data points, giving

2
L=089-" ~2r+180  rounded
Aw
Increasing L will increase the resolution but will also result in a decrease in
the number of segments that may be averaged. This, in turn, will increase the
variance of the spectrum estimate.

ii) ¢) [new example]

i) The goal with the spectrum analyser is to continuously refine the spectrum
estimate as new data is read. With the arrival of each new data block, the
periodogram is calculated and averaged with the previous spectrum estimate.
Notice that due to the recursive nature of P, it is suitable for mildly non-
stationary processes. The choice 0 < A < 1 helps to forget the past value of
P;(f) as the new data is measured. When A = 0 only the periodogram of the
most recent data values is used, that is we have the standard periodogram es-
timator.



As the periodogram can be considered a random variable, say y, then transfer
function of this periodogram estimator is

1-A

H@ =1

which is consistent with the transfer function of a digital filter (lowpass or
highpass). Clearly, 0 < A < 1 preserves stability. Therefore, we have a digital
filtering operation, where the choice of A determines whether the filter is stable
or not.

ii) The power spectrum sequence is a geometric series of the random inputs

Qi(f), hence .
Bi(f) = (1= N3 Qx(F)

k=0

and ,
i

E{P(f)} =) (1 - NAE{Qx(/)}
k=0
The windowing will not affect the bias of this periodogram estimator as
all the windowed estimates are asymptotically unbiased. The resolution will
however be window-dependent and the windowing will however help with the
problem of spectral masking associated with the periodogram. The variance
will however be

var{Py(f)} = (1 - A”l);—wP«;(f)



2) [bookwork and worked example] a) Figure 2.1 illustrates the problem
of spectral line splitting which is associated with the autoregressive spectrum
estimation based on the autocorrelation method.
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Figure 2.1. Solid line - spectrum estimate of a sinewave. Broken line - spectral line splitting

Spectral line is a phenomenon which is typical for overmodelled parametric
spectrum estimates (the estimated model order p is too large). It therefore
introduces false peaks in the spectra which can mistake e.g. a single sinusoid
for two sinusoid with close frequencies. This effect can be mitigated by more
accurate estimates of the AR coefficients and the order of the underlying AR
model. This can be achieved, for instance, by the autocovariance, modified
autocovariance, or Burg’s method.

b) An AR(p) process may be represented as the output of an all-pole filter
driven with unit variance white noise. Its spectrum is given by

Pr(w) = |b(0) |
o 1+ 32_, ap(k)eke|?

Since b(0) and ap(k) can be estimated from the data, an estimate of the power
spectrum becomes

e BO)P
TS P

The AR coefficients are found by solving the ACF normal equations

rz(0)  rz(1) -0 72(p) 1 1
re(1)  re(0) .- r(p—1) ap(1) . 0
@) -1 - 0 || a0 0
where
1 N-1-k
ra(k) = % > z(n+kz(n) k=0,..,p
n=0

and g, is the driving noise variance.



c¢) In the Yule-Walker method z(n) is assumed to be AR process, whereas
in the maximum entropy method it is assumed that z(n) is Gaussian. The only
real difference is in the assumptions imposed on process z(n): the Yule-Walker
method assumes x(n) is an autoregressive process, whereas the ME method as-
sumes z(n) is Gaussian as it extrapolates the autocorrelation function based on
maximum entropy. The ACF is effectively extrapolated with zeros, hence the
ACF method generally produces low resolution estimates than the approaches
that do not window the data. Consequently, this method is generally not used
for short data records. d) i) Since s L n (subspaces analysis — later), Rgz
becomes rank one

1 eI coe e (M =1y
et 1 coe A (M=2)un
R;: =Rs + Ry R, = . ]
ej(M—l)w]_ e—_;(M—‘Z)wl . 1

and

R, =021
.. ; i ;
ii) Define e; = [1,e*?,...,e2M=Dw1]" thus Ry = |A;|%eref is rank one and
has one nonzero eigenvalue M|A;[2.
R, is Hermitian and the remaining eigenvectors va, vs,..., vy are orthogonal

to e, that iseffv; =0 i=23,...,M.
Notice also that Rypvi = (Re + 02I) vi = (Av; + oo vi) = (M +02)vi

e = the eigenvectors of Ry, are the same as those of R, and the eigenvalues
of Ry are \; = Af + 02
2

e The largest eigenvalue of Ryy iS Apaz = M|A41|* + oi,, and the remaining

(M — 1) eigenvalues are equal to o2,

We then have to perform the eigenvalue decomposition and take the largest
eigenvalue as the signal eigenvalue and the rest as noise eigenvalues. We can
then determine the frequency w; from the eigenvector v,,., that is associated
with the largest eigenvalue using. Thus frequency estimation can be performed
using

ﬁ'i(w) _ 1 1

2= P
O I

Such a spectrum estimate is accurate only in determining the frequency of the
sinusoids, however, it is not accurate over the whole frequency range.



a) [new example]
i) Assume that the elements of x(k) are zero mean Gaussian random variables.

As
sign(x(k)) = [sign(z(k)), sign(z(k — 1)), ..., sign(xz(k — N + AN
the product

sign(z )o:(h ce sign(z(k))z(k — N +1)
sign(x(k))xT (k)) = : !

sign(z(k — N +1))z(k) --- sign(z(k—N+1))z(k—-N+1)
From Price’s theorem, E{sign(x(k))x” ()} = /2 E{x(k)x" (k)} = L /iR
ii) Similarly to the convergence in the mean of the LMS algorithm, we have

w(k+1) = w(k)+ psign(x(k ))(d(fc)—x (k)w(k))
w(k) — psign(x(k))xT (k)w(k) + pd(k)sign(x(k))
= (I psign(x(k)x" (k) w(k) + pd(k)sign(x(k))

From the Wiener solution, subtract w,y from the above equation to obtain

B{w(k +1) - Wope} = (I-p;—x\/é R) Biw(k)} - (I—Mgix : R) Wopt

Since v(k + 1) = w(k) — Wop, from the above equation we directly have the
desired expression.

Il

iii) The bounds on the learning rate are obtained from the modes of conver-
gence, that is, based on the reciprocal of the largest eigenvalue of the correlation
matrix. Based on Price’s theorem, it is straightforward to show that the maxi-
mum learning rate will be corrected by the factor o, \/g

b) Similarly to the LMS, to calculate the update

w(k + 1) = w(k) — pVwJ (k) = w(k) + psign(e(k))x(k)

we have

le(k)| De(k) Dy(k)

VI (E) = Bolk) By (k) ow (k)

= —sign(e(k))x(k)

This filter can be normalised by minimising the a posteriori prediction error
e(k + 1) using the Taylor series expansion around e(k).



4) a) [bookwork and worked example]
i) Similarly to the answer 3c), we can combine the sign error and LMS type
update to obtain

w(k 4+ 1) = w(k) + Asign(e(k))bfz(k) + 2(1 — Ne(k)w(k)

This is basically an LMS type update which should provide a compromise be-
tween the algorithms based on the minimisation of the first and second order
cost function. (You should provide a detailed derivation in the answer).

ii) For a small error, the term e?(k) become even smaller and the weight update
is dominated by the sign error algorithm. For a large error, e? is the dominant
term. If we know the statistics of the input signal, then we can choose A for
an optimal performance which is better than the performance of the individual
filters based on e(k) and e2(k).

iii) The adaptive (k) would help to cope with the time varying statistics of
the input. Hybrid filters are based on a similar convex combination, based on
A(k). However, within a hybrid filter we combine two different adaptive filters
with two different weight vectors, which are updated separately based on their
own cost function. The mixed norm solution uses a combination of cost func-
tions, however, the mixed norm filter has only one weight vector and cannot be
realised as a hybrid filter.

b) new example
Based on standard LMS algorithm, we have

alk+1) | a(k

b(k+1) | — | b(k

ck+1) | _ |dk

d(k+1) d(k

This filter can be realised as a hybrid filter, as the inputs to both z and y
channel are both x(k) and y(k, and the channel coeflicients are updated based

on their own instantaneous error. For a proper hybrid filter, the cost function
would have to comprise the mixing parameter A(k).

0 ] et 3
G w3



5) a) [bookwork]
This is a standard adaptive filtering configuration where the teaching signal is

/
&k}__-_ Adaptive | y(k)
m Filter
i alk) )—

ik}

Figure 1: Left: Adaptive prediction configuration

the input signal advanced in time, so it can be used to train the filter to predict
future values of the input. This is a core adaptive filtering configuration and
can be used to predict the input M steps ahead, M — 1,2,....

b) [bookwork and intuitive reasoning]

H AL,
b N Wl=si)endl | 10 [ o LA

Figure 2: Adaptive Line Enhancement configuration

This architecture is similar to the adaptive prediction architecture, it the sense
that the input and the teaching signal are the same signal delayed (advanced)
in time (but for the noise in the input to the adaptive filter). The amount
of delay depends on the correlation structure of the noise source. For a white
additive noise, ideally we would need the delay by only one time sample. For
correlated noises this delay should be long enough for the correlation function
of the noise to decay significantly.

¢) [bookwork]
Starting from the cost function J(k) = 3e2(k), the update of the LMS algo-
rithm is Aw(k) = pe(k)x(k). It can be obtained from the cost function J(k)



and based on e(k) = d(k) — y(k), using the chain rule, as

DLe2(k) Be(k) y(k) _
Vel 6) = 5ey Byt aw ey X

to give
w(k + 1) = w(k) + pe(k)x(k)

The learning rate controls the speed of adaptation and its optimal value de-
pends on the correlation structure of the input. Ideally, it should be large in
the beginning of adaptation (for fast convergence), and small towards the end
of adaptation (for small misadjustment).

d) [new example] i) The LMF update can be derived in the same way as
the LMS in c), that is based on the gradient of the cost function as follows

_ 0\ (k) De(k) Dy(k)

= e(k) oy(k) ow(k)
N e N o Nt
de3(k)  —1  x(k)

Ve J(k) = —4e3(k)x(k)

to give
w(k +1) = w(k) + 4ue3(k)x(k)

The relationship between the learning rate and the correlation structure of the
signal is more complicated than for LMS, as to arrive at the modes of conver-
gence we would have the third power of the error and the associated terms. This
algorithm is therefore likely to be more sensitive to the changes in the learning
rate than the LMS. This can be shown graphically by comparing a fourth order
error surface given by e*(k) and the second order error surface given by e?(k).
The fourth order surface is much steeper, hence the LMF is more sensitive to
the choice of the learning rate.

ii) The minimum achievable mean square error Jpin = Jg, as this is how close
we can approach the teaching signal. This does not depend on the cost func-
tion, and depends purely on the Wiener solution. This quantity is therefore the
same as in the case of LMS.

iii) For small errors e*(k) << e(k) and for large errors e*(k) >> e(k). This
algorithm should therefore provide fine estimates when close to the optimum
weights (in the end of adaptation), but can however be rather unstable for large
errors (beginning of adaptation).
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