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Solutions: Al

1) a) [bookwork] Jous
Po(e™) = 304l o Ta(k)em ™ Lic .7
i) oy = Xn(k) = | Xn(k)[? = Bper(e7/N)

i) B{ro(k) = 25Era(k)} = E{Pper(e®} = 2P,(e%) + Wp(e)

where Wp is the Bartlett window. Therefore the periodogram is a biased esti-

mated, but since Wp converges to impulse as N goes to infinity, it is asymptoti-

cally unbiased.
ii) var{Ppe-(e™)} = P2(e™)

b) [new example]

E{Br(e¥} = %Pw(w « Wp(e™)

_ 1 [sin(Nw/2)]?
Wale") = & [ sin(w/2) ]

Py(e”) = 1/2m A%[ug(w — wo) + up(w + wo)] + 02
= E{Ppr(®} = %Pz(e"“’) K Wale™ =
= 02, + 1/4A%[Wp(e?@0)) 4 Wy(ewte0)]

the Bartlett (triangular) window is defined by

_ 18 k<N
WB(k)_{o; YR SN-1




The periodogram is biased and since the variance does not go to zero as N — oo
it is not a consistent estimate of the power spectrum. Averaging of periodogram
reduces the variance but may also decrease frequency resolution.

¢) [new example]

To get the maximum resolution from N = 10,000 we want to compute the pe-
riodogram of z(n), by segmenting z(n) into subsequences, however this reduces
the resolution. The question, therefore, is how to compute the periodogram of
z(n) using 1024-point DFT’s. Recalling how the FFT works, note that

9999
X(e) =) az(n)e ™

n=0

therefore the procedure is to pad z(n) with zeros to form a sequence of length
N = 10240, and then decimate z(n) into 10 sequences z;(n) of length M = 1024,

Ti(n) =2(10n+1), n=0,...,1023

Next, the 1024-point DFT’s of these sequences, X;(k) are computed, and com-
bined as follows

9
X(k) =Y e 0 X,(k), k=0,1,...,10239
=0

Finally, squaring the magnitude of X (k) and dividing by N = 10240, we have

the periodogram with resolution Aw = 0.8952%.




2) a) [bookwork]
They are not consistent estimators, they give poor resolution and do not work
well on short data records. They are also limited in their ability to resolve closely
spaced narrowband processes when the number of data samples is limited. An
advantage: they do not make any assumptions or place any constraints on the
process and can be used for any type of processes.

b) [bookwork and new example]
i)

The ARMA power spectrum estimate is given by

~ 2
5 D ko bo(K)e ™
Py(e*) =

L+ P ap(k)e kel

For the AR spectrum, we have only the denominator of the above expression,
whereas for the MA spectrum the denominator of the above expression is con-
stant.

The AR spectrum is more suitable for modelling peaks in spectrum (has poles in
transfer function). The MA spectrum is more suitable for modelling flat spectra
and spectra with zeros in transfer function.

ii) This is an AR(4) spectrum, since the spectrum has two peaks and no zeros.
These peaks are generated by 2 conjugate complex pairs of poles. This cannot be
the frequency response of an MA spectrum since there are no finite zeros in the
spectrum. This is also visible from the above expression for the ARMA spectrum.
The positions of the poles can be deduced based on the frequencies of the peaks
of the AR power spectrum (angle), whereas the magnitudes of the peaks can be
used to deduce the distance of the poles from the origin in the z—plane.

b) [new example]
Finding the peaks of the MUSIC frequency estimation function is equivalent to
finding the minima of

M )
3, ey, [’

i=p+1

Since the eigenvectors v; are orthogonal, if we assume that they are normalised,
then the identity matrix may be expanded in terms of these eigenvectors as follows

M

— E H
= ViV,
i=1



Multiplying on the left by e and on the right by e we have

M M
o= 3" (o) (vie) = 3. el
i=1 i=1
Since ee = M, we have

p M
M=) [+ Y Jew
=1

i=p+1

or

M P
Z ‘eHvi[z =M — Z ‘eHvi‘z
i=p+1 i=1

Thus, minimising the left-hand side is equivalent to maximising the sum of the
right as was to be shown.



3) a) [bookwork]
Start from cost function

1,
T) = 5e() (1)
we have
e(k) = d(k)— @ (xT(k)w(k)) (2)
w(k+1) = w(k)—nVwrJ(k) (3)
Gradient Vy,x)J(k) can be calculated as
9.J (k) de(k o
(}w((k) = e(kjé}wL(k)) = —e(k) @' (x" (k)w(k)) x(k) (4)
w(k -+ 1) = wik) + ' (<7 (£)w(k)) e(k)x(k) 5)

= This is the weight update equation for a direct gradient algorithm for a non-
linear FIR filter, called the nonlinear gradient descent (NGD).

The middle region of the nonlinearity is approximately linear and the derived
algorithm is similar to LMS. When the filter operates in the tails of the non-
linearity, the gradient is close to zero and the filter is not updated. b) [new
example]

Differentiation performed by u(k) = 2(k) —z(k—1) reduces the dynamical range,
since it only operates on two consecutive samples. However there is no guarantee
that this will suit the range of the nonlinearity within the filter. Also if the non-
linearity has only a positive range (logistic function), this transformation may
not be suitable, since it can produce transformed inputs with both positive and
negative values. One alternative transformation is the application of the loga-
rithm, however, this transformation suffers from similar problems as in the case
of differentiation.

¢) [bookwork and worked example]

B(K) = 3E(8),  e(k) = d(k) — (" (Hyw(k))

w(k +1) = w(k) + nx(k)®' (x" (k)w(k))e(k)
®(x" (k)w(k)) = A(k)D(x" (k)w(k))

Ak +1) = Xk) — pVLE
IE(k) 01/2 *(k) Oe(k) Oy(k)
OA(K) e(k) Oy(k) OA(k)

AMk+1)=Ak)+ pe(k)@( T(kyw(k))
d) [new example]
The bilinear model is a feedback model and the FIR structure is not suitable for
its realisation. A better way would be to use a nonlinear feedback structure, e.g.
a recurrent perceptron.



4) a) [bookwork and worked example]

e Parametric modelling assumes a fixed structure for the model. The model
identification problem then simplifies to estimating a finite set of parameters
of this fixed model. An example of this technique is the broad class of
ARIMA/NARMA models.

e Nonparametric modelling seeks a particular model structure from the
input data. The actual model is not known beforehand.
We look for a model in the form of y(k) = f (z(k)) without knowing the
function f(-).

e Semiparametric modelling is the combination of the above. Part of the
model structure is completely specified and known beforehand, whereas the
other part of the model is either not known or loosely specified.

b) [bookwork and worked example]
Filtering: 6 = s[n| to be estimated based on z[m] = s[m] +w[m]| m = 0,1, ..., n.

.ﬂ X[n] A X[n]
Filtering Smoothing
[ 3
n] N=4
I=2
i Prediction
2 - 2 B
0 1 l B ] o 1 l 3 n
- — ’
o sto, sfil, si21, st} | T
L S [N
S L x| | ! >
* o 4 n

= 113

Filters signal from noise, based on current and past data, i.e. casual filtering.
Smoothing: 6 = s[n] to be estimated based on entire dataset {z[0], z[1],...,z[N —
1]}. Requires all data to be collected.

Prediction: 0§ = z[N—1+1] for | a positive integer based on {z[0], z[1], ..., z[N —1]}
“l-step” forward prediction.

i) it is smoothing, y(n) is estimated based on previous an future values of y.
ii) filtering

¢) [bookwork and intuitive reasoning]



i) Least squares techniques are based on the exact minimisation of the sum of
square errors The cost function for the Least Squares algorithm is given by

n mn

Jn)=> €)= [d(k) — x" (k)w(k)]

i=1 k=1
This is a totally deterministic cost function.
ii) We desire
w(n+1) = fw(n),x(n+1)]
To achieve this, we partition the data matrix

xT(n+1)
X(n+1) = e
iii) The LMS is based on a stochastic cost function. The role of R™! in RLS is

to rotate the direction of descent of the LMS algorithm towards the minimum of
the cost function independent of the nature, or colouration, of the input. The

&>

R'Vilyo,

w(2)

operation R™'x[n| is a pre-whitening operation.

The convergence of the RLS in a high SNR environment (> 10dB) is of an order
O(2p), whereas for LMS O(10p).

The misadjustment performance of RLS is essentially zero because it is deter-
ministic and matches the data where A\ = 1.

iv) A sample correlation matrix R can be written as

Rin+1)=XT"(n+1)X(n+1) =R(n) +x(n+ )x"(n + 1)



We wish to solve
w(n+1) =R (n+1)p(n+1)

where

n+1

p(n+1)= Zx(n)d(n)

k=1

v) The basic cost function for the RLS algorithm assumes a statistically stationary
environment There, all the errors are weighted equally. In order to deal with a
nonstationary environment, modify the LS error criterion

J(n) = Z)\”"kez(n)

This way old information is forgotten. The forgetting factor A € (0, 1], but typi-
cally > 0.95. The forgetting factor introduces an effective window length of +%.
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Figure 1: Left: Adaptive noise cancellation configuration. Right: Adaptive Line
Enhancement configuration

5) a) [bookwork and intuitive reasoning]

Both configurations are designed to suppress noise. The ANC configuration
achieves this by a reference noise input which is correlated with the noise within
the signal. The larger the degree of correlation, the more successful noise cancel-
lation. The ALE configuration does not have a reference input and relies instead
on the different correlation lags of signal and noise.

b) [bookwork]

The NLMS algorithm uses an instantaneous estimate of the input correlation
matrix to “normalise” the error surface, that is, it aims to produce a modified
surface for which the contours are concentric circles. This contributes to the
speed of convergence and stability of the NLMS algorithm. Parameter 3 is the
learning rate as is usually set to unity, whereas ¢ is a regularisation factor which
prevents the filter from becoming unstable for very small values of input.

¢) [new example]

The a posteriori error update is given by

1

wk+1)=wk)+ ———¢
o (k) 13

(k)x(k)

Compare with NLMS, that is

Be(k)x(k)

w1 =wH+ T o B

The equivalence is achieved for 8 =1 and € = 1/u. This also involves a compro-
mise, since for fast adaptation parameter e should be small, however for stability
of NLMS, 0 < p < 2. For typical values of u = 0.1,0.2, etc the algorithm be-
comes over-regularised, i.e. the effect of the normalisation of the error surface is
reduced.



d)i) and ii) [new example]
By minimising the L successive a posteriori errors, we ensure fast convergence
and small error. This cannot be achieved by NLMS only, since NLMS has no
memory. The AP algorithm has memory and this way it is better suited for
nonstationary environments (albeit at a higher computational complexity).
Similar to the derivation of NLMS, it follows that
x” (k)
e,=d— : wk+1)=0

that is

XT'w(k+1) = d
XT(w(k)+Aw(k)) = d
= XTAw(k) = d-XTw(k)=e,

This is an underdetermined set of equations and we have to use the pseudoinverse
Aw(k) = (XT)* e
The weight update is therefore given by
w(k+1) = w(k) + X (XTX) e

x (k) e(k)
where X = : and e = :
xT(k—L) e(k—L)



