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PROBABILITY AND STOCHASTIC PROCESSES

1. Let X and ¥ be two random variables, where my and my denote their respective means,
oy and oy denote their respective variances. Cog:
g a) Give the definition of the co¥agiance pxy and prove that pxy € [—1,1].  [5] e/‘%ﬁ*\
’ Hint: Let U = X%;”& andV = Y%;"Y- Use the fact that }/ _
q
E(U+V)?) >0 and E(U-V)?) >0. r 4
Va7
b) We say that X and Y are linearly dependent if there exist two constants a # 0 Xo}, ‘:‘:c
and b such that Y = aX +b. /F -
o4
(i) Show that if X and Y are linearly dependent then |pxy| = 1. [2]
(i) Show that if pxy = 1 then X and Y are linearly dependent. (3] “

Hint: In (ii), show that E (U —V)?) =0, for U = X% and v = 12,

c) We consider two dependent (correlated) random variables X and Y. The best
linear estimator of Y given X is given by ¥ = aX +b which minimises E [(¥ — ¥)?2].

(7) Show that

. o)
¥ = pxy— (X —my) +my.
Ox

[5]
(i) Prove that )
E[(Y-7)*] =(1-pgy)oy -
[3]

(iif) For which value of pyy is the estimation exact? [2]
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2. Let (X;,z > 0) be a random telegraph process with parameter A, i.e. a {—1,1}-valued
continuous time process such that the number of O crossings in the interval (0,z) is
described by a Poisson process with parameter Az. Assume that X is such that

P(Xo=1)=PX=—1)=

] =

a) Letz,7>0

(i) Show that

;‘L n
P (There are n crossings betwcentandt%—’r):e'h%.
[1]
(i) Prove that :
PXiz=1|X,=1) = PXy.=-1[X,=-1)
_ aepy, A2 (AT)*
= "1+ T +...].
[3]
(iii) Prove that
PXie=1]%=-1) = PXy=-1[X,=1)
_ (A1) (A1)’
= e “[M+3—!)+—5!—+...].
[3]
(iv) Show that E(X;) = 0 for all 7 > 0. [31

Hint: Compute E(X;+: | X, = 1) and E(X, 41 | Xy = —1) then use Bayes’s rule.

b) We now focus on the autocorrelation function Ry (t) of the process (X;,z > 0).

(i) Give the definition of Rx (7). [1]
(i) Show that

R(%) = 3E(Kiye | % = 1)~ 3E(Kiss | X = —1).

L [3]
(i) Prove that Ry (1) = e’gf. (4]
c) Conclude that X; is wide-sense stationary process. [2]
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3. We perform n tosses of a fair coin. The variable X; describes the outcome of the i-th
toss: X; = 1 if Heads shows and X; = 0 if Tail shows. Let X = ¥ Xi.

a) State the distribution of X, and compute its expectation and its variance. [2]

b) ‘We now examine the probability that X deviates from its mean.

3n n o_ R
>— | <P —=Z==].
P(X—4)— (IX 2‘*4)
(if) Using Chebyshev’s inequality, prove that

P(X>3—n)<i.
— 4 )" n

(i) Show that

(2]

[4]
(iii) Show that lim,—...P(X > 3) = 0 and comment. [2]

c) We now derive a tighter bound for the convergence of P(X > 37;’) to 0 as n goes
to eo.

(@) Let x, 8 > 0. Combining Markov’s inequality and the fact that
{sz} = {eGX 2 eBx}?

prove that
n

P(X zx)gexp(z(ee—l)—ﬂx).

(5]
Hint: Use the following inequality 1 + & < %, for a > 0.

(if) Choose 6 so that 2(e® —1)— 36 < —0.01. [1]
(#ii) Prove that for the choice of 6 in the previous question

P (X 2 ;’;) S e—0,0ln .

[4]
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4, Let 11,¥3,Y5,... be a sequence of independent and identically distributed random vari-
ables such that P(Yari1 = —1) = P(Yore; = 1) = 1, for k=0,1,2,.... Let Yo =
ng..1Y2k+], fork= ],2,....

a) Show that P(Yy = o, Y12 = B) = 1/4, for @, € {—1,1}. Conclude that
¥2,Y4,Y,... is a sequence of independent and identically distributed random
variables and give their joint distribution. [3]

b) Show that P(Y; = &, Y41 = B) = 1/4, for a,B € {—1,1}. Is the sequence
Y;,%2,Y5, ... independent and identically distributed? [3]

¢) Compute P(YZH—] =1 ‘ Yo = —1) and P(Y2k+1 =1 ] Yoo =—1,Yo_1 = I). Is
the process V1,15, ¥3,... a Markov chain? [4]

d) Let Z, = (¥»,Ya11) be a process in {0,1}2.
(i) Show that

%, if n even,
1, ifnodd,

3

P(ZH-H = (11]) |Zn = (111))= {
[4]

(if) Show that (Z,,n > 0) is a (non-homogeneous) Markov chain and give its
transition probabilities. [6]
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5. Consider the weather chain (X,,n > 0) set to X, = 1 if it rains on day n and X; =0
otherwise. Suppose that X, evolves as a Markov chain with transition matrix

Pz(lt;a ifﬁ)'

a) Sketch the diagram of the evolution of the above Markov chain and briefly
describe the dynamics in the following cases (i) ¢ = B =0, (ii) & = 8 = 1, (iii)
a=1,p=0and(ivya=0,8=1. [2]

where ., B € [0,1].

b) In what follows we suppose that a, B € (0,1).
(i) Let poo(n) = P(X, =0 | Xo =0). Show that
poo(n+1)=(1—a—B)pw(n)+B, forn>0.

[4]

(if) Prove that

__F &1 _g—B)
Poo(”)—m“FaJrﬁ(l a—pB)".

[2]

(iii) Derive the expressions for pg; (n) =P(X, =1 | Xo = 0),
plo(n) :P(X,I =0 |X{} = 1) and p“(n) = P(Xn = 1 |X0 = 1). [4]

(iv) Compute the limits\p;; (n), pg&(n),pg{(n), pg{(n) when n goes to infinity.
le 91 [2]

c) Using two different methods, compute the stationary distribution of the weather
chain. [6]
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6. Consider the Markov chain on {1,2,3,4} with the following transition matrix

1/2 0 1/2 0
0 1/2 0 1/2
0 0 0 1

We define the probability of absorption by
h; =P (X, is absorbed in state 4 | Xy = i)
and the expected time to absorption by
k; = E ( time for X,, to be absorbed in state 1 or 4 | Xp =)
wherei=1,2,3,4.
In what follows, carefully justify your results.

a) First compute the probabilities of absorption 4; :

(i) Show that

I 1 1 1
== = = " G e L S
ha 2&1-{“2}33 an 3 5 2+2h4

[6]
(if) After deriving the values of /; and k4, show that

h—l d h-2
2=3 an 3=3-

[4]
b) Now compute the expected times to absorption &; :

(i) Show that

1, 1 1, 1
ky=1+sk+sk and ks=1+sk+5k

(if) After deriving the values of k; and k4, show that
k2=2 and k3:2.

[4]
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