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L Consider the space R>*> of three-by-three matrices. We define the inner product (4.B) =

tr(BT4), and we define the corresponding norm N(4) = +/t7(474). Let

b)
<)

d)

(if)
(iii)

0 00

S=f(1 0 0

01 0
Find the range and the kernel of S. [1]
Compute N(S) the norm of S as defined before. [2]

Compute the matrix norm of § given by |||S||| = sup, <, ||Sx|| where |[x||* =
«Tx. ' [3]

A matrix A4 is said to be S-invariant if 4S = S4. Let 8 be the set of S-invariant
matrices.

Show that § is a vector space. [2]
Determine the dimension of 8. [4]
Show that if 4 and B are two elements of § then AB € & and AB = BA.
[3]
Show that if 4 € § then A has a unique eigenvalue. 2]
Explicitly describe all the matrices 4 € 8 for which A7 € 8. [3]
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2. Consider Cg the space of real-valued eentinuots functions on the interval [—1,1]. For
f.g € €, we define the inner product (f,g) = [, f(x)g(x)dx.

a) Check that the above inner product is indeed an inner product and find the
expression of the corresponding norm. [3]
b) Let

€= {f€C, f(—x)=flx)}

be the set of even functions and

0={fel, f(-x)=~Sfx)}

be the set of odd functions.

(i) Show that £ and O are two vector spaces. [3]
(if) Show that £ and @ are orthogonal. i.e., forany /' € € and g € O, we have
(f.g)=0. [4]

(iii) For f € Gy, and let g(x) = f(x) + f(—x) and h(x) = f(x) — f(—x). Show
thatge Eand k€ O. [3]

(iv) Show that any f € Gy can be decomposed in a unique way as f(x) =
glx)+h(x) wherege Eand he O. [3]

(v) Determine the orthogonal projections on £ and O. [4]
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3. Let uy,...,u, be a set of orthonormal vectors in R”, i.e., pairwise orthogonal

u?u_,—=0, fori#j and ulw;=1, foralli.

We denote by ||x|]* = x"x.
a) LetU = {uy....,u,] be a matrix in R"*”.
(i) Show that UTU = UUT =1, I being the identity matrix. [2]
(i) Prove thatx= 3 ; (zf;-'r x)u; for x in R". [3]
(iii) Show that ), ..., u, is an orthonormal basis of R”. [3]
() Show that ||Ux|| = ||x]]. [3]

b) Let ¥ = Span(u,...u;) and V2 = Span(spi1.. .. 4,).

(i) Show that R” = V] @V, i.e. ¥| and V5 are complementary. [3]
(i) Let p(x) = 3 | (u? x)u;; show that p is a projection. [3]

(iii) Let s(x) = XX (ul x)u; — 30, . (u? x)u;: show that s is a reflexion.
[3]
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4, Let 4 be a matrix in R™*", m > n.

a) Show that if 4 has a left inverse, i.e. there exists a C such that C4 =7 (J the
identity matrix in R”*"), then 4 has zero-null space. [ 31

b) Assume that 4 is zero-null space.
(i) Show that A7 4 is a positive definite matrix. [3]
(&) Find a left inverse for A. [3]
(i) Let y € R”. Find a condition on y so that the equation 4x = y admits a
solution. [2]
c) ForyeR", let £= (4 T4)™' ATy. We consider the inner product x”y and the

associated norm ||.||

(i) Show that, for any vector x € R", A(x — £) is orthogonal to A —y. [3]
(if) Show that [|4x —vi| > |42 —y||. [3]
(iii) Suppose that y ¢ Range(4). Relate the above to the linear least-square
problem. [3]
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b)

<)

d)

Show that if 4 is a positive definite matrix then if A is an eigenvalue of 4 then

1>0. [3]
Let 4 be a symmetric matrix with 4;,....4, € R and x;,...,x, € R" as its
eigenvalues and eigenvectors respectively, i.e., Ax; = Aix;, i=1....,n Show
that if forall i=1....,n, 4; > 0 then 4 is positive definite. [4]

Hint: Use the fact that if A € R™" is symmetric then (xy,...,%,) is an ortho-
normal basis, i.e., x! x; =0 ifi # j andxIx; = L.

3 -6 26
1] 4 -8 -7
Letd =z 0 4 4
0 -3 -3
1 -2 2
Show that 474 =| -2 5 -3 |. [2]
2 -3 30
We now want to solve the linear least-square problem with 4 above and y =
1
1
1
1
Show that is equivalent to solving the linear problem
I =2 2 X 7/5
-2 5 =3 xn | =1 ~13/5
2 -3 30 X3 4
[2]
(if) Using the Cholesky decomposition. show that
1 -2 2 1 0 0° 1 =2 2
-2 5 -3 }1=|-210 0 1 1
2 -3 30 2 1 3 0 0 5
[5]
41
(£if) Show that the solution is.f:i% 4 . [4]

1

Hint: Cholesky Decomposition: Let 4 € R"™" such that
e i A -_?: 1
Az A2

where ayy is a scalar, 42y € RU"UXU gnd 45y € R 1IN 1 symmetric.

o Calculate the first column of L: Iy = \/ai1 and Ly = 7-4a1,
® Compute the Cholesky factor Ly of the matrix A — ;f—’_é zlAg s
® The Cholesky factor L of a positive definite matrix A is given by

I 0...0 )
It
(LZI Lo
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