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MATHEMATICS FOR SIGNAL AND SYSTEMS

I Consider the space Ms3(C) of three-by-three matrices with complex entries. Let A =
(@ij)i,j=123 € M3(C). We define the following functions
. for k=1,2,3, let k(A) = a1 +ap + a3,
° fork=1,2,3, let cx(A) = ay + ax + a3,
° let tr(A) = ay1 +axn +ass,
° and let anti(A) = a3; +axn +ai3,
a) Let M be the set of matrices A € M3(C), such that lt(A) = c;(A) for k,j =
1,2,3. For A € M we define
a(A) = h(A) = h(A) = B(A) = c1(A) = c2(A) = c3(A)

the common value.

(i) Give an example of a matrix A € M such that a(A) =0 [2]
(if) Give an example of a matrix A € M such that a(A) = | [2]
(i) Show that M is a subspace of M3(C) and that « is a linear operator on
M. [2]

111
(iv) Let/=| 1 1 1 |].ForA €C,show thatif A is such that
1 1 1

Al=JA=AJ
then A is in M and that if A € M then it satisfies AJ = JA = AJ. [6]
b) Let M° = {A e M, (A) = tr(A) = anti(A) }.

(i) Prove that M is a vector space. [2]
1 -2 1
(ii) LetG=| 0 0 O | andGT7 its transpose. Show that (G,G’,J)
-1 2 -1
is a basis of M°. What is the dimension of M?? [6]
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Let R[X] be the vector space of all polynomials with real coefficients. We define the
following function that, given two polynomials P,Q € R[X], it associates the following

e ' P)O()
{PO)= » ﬁ-dt.

a) Show that the above function defines an inner product. [2]
b) Prove that, for any positive integer n, there exists a unique polynomial 7, such

that: for every 8 € R, T,(cos(6)) = cos(n8). [2]
c) Show that the polynomials 7;,, known as Chebychev polynomials, satisfy, for

n=1

- To1 (%) = 20T (%) — T (5).
[4]

d) Prove that the sequence (T,,), is orthogonal and compute (7;,, T;,). [6]
€) Show that 7,, statisfies the following differential equation

(1—x)%" —xy = —n?y

[6]

Consider the space M,(R) of n-by-n matrices with real entries. We define the inner
product (A,B) = tr(A” B), where A” is the transpose of A.

a) Check that the above product is indeed an inner product and give the expression
of the corresponding norm. [4]
b) Let

8n={A € M,(R),A=A"}

the set of symmetric matrices and
An={A € M,(R), A =—-AT}

the set of anti-symmetric matrices.

(i) Show that 8, and A, are two vector spaces and give their dimensions.

[4]

(ii) For M € M,,(R) show that M + M7 is an element of 8, and M — M7 is
an element of A,,. [3]

(iif) Show that 8, is orthogonal to A, and that any matrix M € M, (R) can be
decomposed in a unique way as M = Ms+ M, where Ms € 8, and My € A,,.

[6]

(iv) Determine the .orthogonal projection on §, and A,,. [3]
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4, Let H be Hilbert (vector) space with the inner product (.,.) and the associated norm
[Ixl[> = (x,%), x € A.

a) Prove the parallelogram identity

[be+ X1 + [l = 312 = 2( x> + IylI?)
| (5]

b) Let M be a closed subspace of H and xj a vector such that xo ¢ M. We define C s ‘v;%
0 = inf{||xo — y||,y € M}, i.e. there exists a sequence (y,), of elements of M 0 ol
such that 8, = ||xg — yn|| converges to & when n goes to oo, j(\\,.p B "ﬂ‘f

(i) Using the fact that 6 is an infimum over M show that, for any integers m
C>< and n, ||)’m+)’n—2_fﬂ2 26. [2] “5«.-‘5’; 9-10 “
(@) Using the parallelogram identity, show that (y,), is a Cauchy sequence. 2 28
[4]
(i) Prove that there exists a unique vector y € M such that ||xo — y|| = d. To
this end, show the existence of the vector y in H and use the fact that M is
closed to conclude. [6]
(iv) Justify that for any z € M, (xp —y,z) = 0 (we do not require a detailed
proof, you may give a graphical justification). [3]
5. The aim of this problem is to derive the minimum of

I(a,b) = /0 x[sin(r) — (at® +bt)2

over a,b in R.

a) Introducing an appropriate setting restate the minimisation problem in terms of
the distance between a vector and a closed vector space. [7]

b) Find & and B such that

/:[sin(t) —(at*+Br)jtdt =0

and =
/ [sin(t) — (o + Br)]dt = 0
0

[6]

c) Using & and 8 from the previous question, compute

b
f [sin(r) — (aur® + Br)2 dt
0

and conclude. [7]
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