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Control engineering exam paper - Model answers
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Question 1
a) To show that system (1.2) matches system (1.1) at s; and sy we need to verify that
H(s;I — F)"'G=C(s;I — A)™'B,

for i = 1,2. Note that
P [ Bl Al -—-Al :|

AV 89 — Ag
and that
- 1 s — 89+ Ao A
I—F)!l=
=t 5—31+A1.]‘
where

A(s) = s2F s((A1 —51) + (Ag — 82)) + (s152 — 51082 — s2A1).
A direct calculation shows that

fad =BG = [ é] (5] — F)1G = { (1) ]
which proves the claim.

b) The reachability matrix is

o Ay Ag(s1— A1) —A1Ay
Ay Ag(sa—Ag) — A1y |’

and det(R) = (s2 — s1)A1A,. Hence, since s1 # sg, the reachability matrix is full rank
if and only if A1As # 0.

¢) If C(s1] — A)™!B = C(s2l — A)™1B = & then the observability matrix is

0= K K
H,(S] = A} — Az) K,(-Sz — Az — A]) ?
and det(O) = k?(sy — s1). Hence the system is observable if and only if k # 0.

d) Since s; =0 and s3 = 1 we have

el ey
F-—|:—wxﬁ2 l—Azjf'

The characteristic polynomial of F' is
SZ+5(A1+ Ay —1)— A

and this should be equal to (s +1)% = s> + 25+ 1. As a result



Question 2

a) Note that the system can be written as

0 I 0
x(k-ﬁ-l)—[c OJx(k]-O-{B]u(k).
The reachability matrix of this system is

R—|0 B 0 GB 0 G’B -
“|B 0 GB 0 G’°B 0O '

hence the rank of R is twice the rank of the matrix
[B GB G’B - ]
which is the reachability matrix of the system
E(k+1) = GE(k) + Bu(k).
Hence, system (2.1) is reachable if and only if the above system is reachable.

b) If m =n and B = I then the system
E(k+1) = GE(k) + Bu(k) = GE(k) + v(k)
is reachable, hence by part a), the system (2.1) is reachable.
¢) i) A family of matrices K = K’ which achieves the stabilization goal is K = af, with
a€(-1,1).
ii) Note that
e(k) = za(k) — az1(k),

hence
e(k+1) =zo(k+ 1) — az1(k + 1) = Gz (k) + u(k) — aza(k).

iii) Selecting
u(k) = —Gx1(k) + axe(k)

yields e(k + 1) = 0, which implies that e(k) = 0 for all k > 1 (and all e(0)).

iv) The control law determined in part c.iii) stabilizes the discrete-time system be-
cause, for k > 1 we have e(k) = 0, which implies z2(k) = az;(k), for all k¥ > 1.
Therefore, for k > 1

z1(k + 1) = az1(k),

hence z; (k) converges to zero as k — oo. This, together with the fact that e(k) = 0,
for all k£ > 1, implies that zo(k) also converges to zero as k — oo. As a result,
the zero equilibrium of the system is attractive and, since this is a linear, time-
invariant system, attractivity implies stability, i.e. the system is asymptotically
stable.



Question 3

a) The approximate discrete-time Euler model is

z(k+1) = (I +TA)z(k) + TBu(k) = [ 01 } z(k) +

b) The reachability matrix of the Euler model is

0 T2

and R has full rank for all T > 0, i.e. the approximate model is reachable for all T > 0.

¢) Consider the matrix

1 e
I+T‘A—|—TBK—[TK1 l—l—TK;:_}'

Its characteristic polynomial is

$* + 5(—2 — TK>) + (1+ TK; — T2 K;),

and this should be equal to s%. As a result

2
e e Ky=—7

d) 1) By definition of the matrix exponential we have

-
Ad:eAT:Iﬁ—AT—FAQ?—F--u
Since A2 = A% = ... =0, then
1 T
Ad—IJrAT._[O 1}

and -
T i T o i
Bd:—/ [éTIT]{?]def[TlT}drz 2

Note that the matrix A4 coincides with the A matrix of the Euler model, whereas
the matrix By is different.

The matrix Ay + B3K, with K as in part c) is

15 0
- -

This matrix has eigenvalues equal to —1 and 1/2. Hence, the resulting system is
stable, not asymptotically, i.e. the design based on the Euler approximate model
is not adequate to stabilize the sampled-data system. (A more careful analysis,
note requested, would reveal that the main reason why the design is not effective
is the selection of the closed-loop eigenvalues.)



Question 4

a)

b)

c)

i) The linearized system at z = 0 is described by

oe[o e[

ii) The reachability matrix of the linearized system is

R:[g ;]’

Note that rankR = 2, hence the system is reachable.

iii) A direct application of Ackerman formula yields
Ko=[-1 -2 |-

iv) The linearized closed-loop system is asymptotically stable hence, by the principle of
stability in the first approximation, the zero equilibrium of the controlled nonlinear
system is locally asymptotically (exponentially) stable.

i) Note that
y = &1 =2} +x2.
Hence
i = 2x141 + T2 = 22‘21($% + 582) + x1T9 + U.

As a result
U+ (—23:‘; - 3:::1592) =u.

ii) Setting
Ky(z) = (—23;:15 - 3:.-:1332) -2y —y= (—me - 3:1:1:1:2) — 2(z? + x3) — 71,

yields
j+2y+y=0,
as requested.
iii) The controlled nonlinear system can be written using the coordinates (y,7). In

these coordinates the system is linear and the zero equilibrium is globally asymp-
totically stable.

Clearly the control law Kj(z) is more complex, e.g. requires more computation, than
the control law Kg(z). However, while Kp(z) is such that the zero equilibrium of
the closed-loop system is globally asymptotically stable, K,(x) only guaranteees a local
property. (Note, in addition, that the system in closed loop with the controller u = K,z
has two equilibria: (0,0) and (1,—1). This proves that the zero equilibrium cannot be
globally asymptotically stable.)



Question 5

a)

b)

The observability matrix of the system is
1 0 1
0= 0 a &%
-a? 0 a+ %

The determinant of the observability matrix is
- 1
detO = o® + o? + et

Hence the observability matrix loses rank for &« = 0 and @ = —1/2. The system is
therefore observable for all a # 0 and o # —1/2.
For o = 0 the observability pencil is

o]

and it loses rank only for s = 0. Therefore the unobservable mode is for s = 0, hence
the system is detectable and reconstructable for o = 0.
For a = —1/2 the observability pencil is

0
-1
s+1/2
1

i e 8 e B
[==T = - R ]

s 172 0
sI-A )| _| -1/2 s —1
C B 0 0 s+1/2
1 0 1
and it loses rank only for s = —1/2. Therefore the unobservable mode is for s = —1/2,
hence the system is detectable, but not reconstructable, for « = —1/2.

To design an observer with the requested property it is necessary to find a matrix L
such that the eigenvalues of A+ LC are all equal to zero. Such an L exists if (and only
if) the system is observable or reconstructable. As a result, it is possible to design the
observer with the requested property for all a # —1/2.

For a = 0 the observability matrix is

10 1
O=[00 -3
00 1

The matrix has rank equal to two. A basis for the unobservable subspace is

0
kerO =span | 1
0

To write the system in observability canonical form consider the change of coordinates
r = Li, with

L=

o O =
- O O
o O



Note that the last column of L spans the kernel of O. In the new coordinates & the
system is described by

#(k+1) = L1ALé + L' Bu= A& + Bu y(k) = CL#, = Ct,
where
) 0 0 |0 ) 0 )
A=|o0 -1/2]0 B=|1| ¢&=[11]0],
0 1 0 1

which clearly shows the decomposition into observable and unobservable subsystems.



Question 6

a)

Note that
CB=0 CAB =1 CP =) CAP =10

G 0 010
r(mk[CA]—ra.nk[O 00 1]—2.

Hence s = 2 is such that condition (C) holds.

and

The equations of the system can be rewritten as

&1 = Anzi+ Apzs + Biu+ P,
2 = Anwmi+ Aprs+ Bu,
y = Caxy,

hence the output equation is already in the desired form. Note now that
Ay = BoLy Ayy = S+ ByLy
for some matrices L; and L. As a result
Iy = Swo + By(u + Lizy + Laxs),
which shows that the &3 equation is in the desired form, with L = [Ly Ly]. Finally

T = :&11.’»"1 +A12$2+81U+P1d,
= 12111:1:1 + filgxz -+ Bl(u + Lixzq + Lga‘;g) — B1Liz; — B1Laxy + Pyd,
= (A1 — BiL1)z + (A2 — BaLa)xa + By(u+ L1z + Laws) + Pid,
which spows that the &; equation can be written as requested, with 4;; = A;; — By L,
Aya = A1 — By Ls.

Setting © = —Lz + Kaxg yields the equations

1 = Anz + (A2 + B1K»)zs + Pid,
Tg = (S + lefg)(ﬂg,
y = Chxa.

The x4 subsystem is not directly affected by the disturbance d and by the z; subsystem,
which is not observable. This implies that y is not affected by d. In addition, the second
of the above equations yields

Zs (t) - B(S+Bz Kg)txz(o) ,

hence
y(t) = cpelSHPRg,(0),

which shows again that d is not acting on y, i.e. the control law has decoupled the effect
of the disturbance from the output.






