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CONTROL ENGINEERING

1. Consider a linear, single-input, single-output, continuous-time system described by the

equations
X=Ax+Bu y=Cx (1.1)

where x(t) € R", n > 2, u(t) € R, y(t) € R, and A, B, and C are matrices of appropriate
dimensions.

Consider another linear, single-input, single-output, continuous-time system described
by the equations .
E=FE+Gy n=HE (1.2)

where &(1) € R?, v(t) € R, n(t) € R, and F, G, and H are matrices of appropriate
dimensions.

System (1.2) is said to match system (1.1) at the points s; and sp, with 51 # 59, if (/
denotes the identity matrix of appropriate dimension)

H(siI -F)"'G=C(s:/-A)"'B H(sol —F)"'G=C(s2/ —A)"'B.
Let
s 0 | A A
Stk S [E B P
H=[C(s:]-A)"'B C(s2f—A)"'B].

a) Show that, with the above selection of F, G and H, system (1.2) matches system

(1.1) at 51 and s, for all A; and A,. [ 8 marks ]
b) Show that, with the above selection of F, G and H, system (1.2) is reachable

for any A; and A, such that AjA; # 0. (Recall that 51 # 53.) [ 4 marks ]

c) Assume that (C(s;] —A)~'B) = (C(so/ —A)~'B) = k. Show that, with the
above selection of F, G and H, system (1.2) is observable if and only if x # 0.

(Recall that 51 # 57.) [ 4 marks ]
d) Assume that 51 = 0 and s; = 1. Consider the above selection of F. Select A;
and A, such that system (1.2) has two eigenvalues at —1. [ 4 marks ]
2. Consider a linear, discrete-time system described by the equations
xi(k+1)=x(k),  x(k+1)=Gxi(k)+ Bu(k), (2.1)

where x(k) = [x] (k) x}(k)]’, with x;(k) € R" and x;(k) € R" for some n > 1, is the
state, u(k) € R™, for some m < n, is the input and G and B are matrices of appropriate

dimensions.
a) Show that the system (2.1) is reachable if and only if the system
E(k+1) = GE (k) + Bv(k),
with & (k) € IR" and v(k) € R"™ is reachable. [ 6 marks ]
b) Assume m = n and B = I. Show, using the result of part a), that the system (2.1)
is reachable. [ 2 marks ]
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c) Assume m = n and B = I. To design a state-feedback control law which asymp-
totically stabilizes system (2.1) one could proceed in steps, as detailed below.

i) Consider the system
x1(k+1) =v(k).

Let v(k) = Kx; (k), and determine one K = K’ such that the system
x1(k+1) = Kxi (k)
is asymptotically stable. [ 2 marks ]
ii) Consider the signal
e(k) = xz(k) — Kxi (k),

with K as selected in part c.i), and the system (2.1). Write an expres-

sion for e(k+ 1) in terms of x; (k), x;(k) and u(k). [ 4 marks ]
iii) Determine u(k) such that e(k) = 0 forall k > 1. [ 2 marks ]
iv) Argue that the state feedback control law determined in part c.iii)

asymptotically stabilizes the discrete-time system (2.1). [ 4 marks ]

3 Consider the linear, single-input, continuous-time system described by the equations

x| - 01 X1 0
x—[xz]—Ax+Bu~[0 0][@}—1—{1]&
The input u(z) of the system is connected to a zero-order-hold and the state x(r) is

measured with a sampler. Let 7 > 0 be the sampling time.

We wish to design a state feedback control law to asymptotically stabilize the system.

a) Write the approximate Euler model of the considered system. [ 2 marks ]
b) Show that the approximate Euler model determined in part a) is reachable for

any T > 0. [ 2 marks ]
c) Consider the approximate Euler model determined in part a) and design a state

feedback control law u = Kx = Kjx; + Kyx; that assigns both eigenvalues of the
resulting closed-loop system at s = 0. (Recall that, since the Euler approximate
model is a discrete-time system, the state feedback control law is such that the
closed-loop system is asymptotically stable.) [ 4 marks ]

d) To assess the efficacy of the state feedback control law designed in part ¢) on the
system, consider the exact model of the continuous-time system in the presence
of the hold and the sampler. This model is given by

x(k+1) = Agx(k) + Bgu(k),
T
where A; = €T and By = / AT-B dr.
0

i) Compute explicitly the matrices A, and By for the considered system.
[ 6 marks ]
i) Consider the closed-loop system

x(k+1) = Aax(k) + BaKx(k),

where K is as in part ¢), and A; and By are as in part d.i). Discuss the
stability properties of the resulting closed-loop system and discuss if
the design based on the Euler model is effective. [ 6 marks ]
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4. Consider a nonlinear, single-input, continuous-time system described by the equations
i1=x%+)q X =xix+u

where x(t) = [x;(t) x2(t)]’ € IR* is the state and u(t) € R is the control input, and the
problem of designing a state feedback control law which asymptotically stabilizes the
equilibrium x = 0 of the system.

This problem can be solved using two different approaches, detailed in parts a) and b)

below.
a) i) Write the linearization of the system at x = 0. [ 2 marks ]
i) Verify that the linearized system is reachable. [ 2 marks ]|
iii) Design a linear state feedback control law u = K,x which assigns both
eigenvalues of the closed-loop linearized system at —1. [ 2 marks ]
iv) Argue that the zero equilibrium of the nonlinear system in closed loop
with the control law u = K, x is locally asymptotically stable.
[ 2 marks ]
b) i) Let y(t) = x; (t). Show that j + ot(x;,x;) = u, for some function a(-),
which should be specified. [ 4 marks ]
ii) Design a nonlinear state feedback control law u = Kj,(x) such that j +
2y+y=0. [ 2 marks ]
iii) Argue that the zero equilibrium of the nonlinear system in closed loop
with the control law u = K}, (x) is globally asymptotically stable.
[ 4 marks ]
c) Discuss briefly advantages and disadvantages of the control laws # = K,x and
u = Kp(x), designed in parts a) and b), respectively, in terms of the stability
properties of the zero equilibrium of the associated closed-loop system and in
terms of their complexity. [ 2 marks ]
3 Consider a linear, single-input, single-output, discrete-time system described by the
equations
x(k+1) = Ax(k) + Bu(k) y(k) = Cx(k)
where x(k) € IR? is the state, u(k) € R is the input, y(k) € R is the output,
0 o O 0
A=| —a 0 1 B=| 1 c=[1 0 1]
0 0 -1/2 1

and & € IR is a constant parameter.

Recall that a discrete-time system is said to be reconstructable if all unobservable modes

are at s = 0.

a) Study the observability, detectability and reconstructability properties of the
system as a function of a. [ 8 marks ]

b) Determine for which values of « it is possible to design an observer such that

the state estimation error e(k) = x(k) — £(k), where £(k) is the estimate of x(k),
is identically equal to zero for all £ > 3.

(Do not design the observer.) [ 6 marks ]
c) Assume ¢ = 0. Determine the unobservable subspace and write the system in
the canonical decomposition for unobservable systems. [ 6 marks ]
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6. Consider a linear, single-input, single-output, continuous-time system described by the
equations
x=Ax+Bu+ Pd y=Cx
where x(t) € R" is the state, u(r) € R is the input, d (t) € R is the disturbance, and
y(t) € R is the output.
Consider the problem of decoupling the effect of the disturbance from the output by

means of a suitably designed state feedback control law. This problem is solvable if the
condition (C) below holds.

(C) There exists a non-negative integer K < n such that
CB=0 CAB=0 --- CA¥2B=0 CA*'B#0,
CP=0 CAP=0 --- CA*2P=0 CA*'P=0,
and
(6
CA
rank . =K.
CA;C—I
Let
a1 ap3 au by P
| 0 axn a3 ax _| b2 _| P2
A= 0o o0 0 1 Bi= 0 = 0
aq1 Gq Q43 Q44 1 0
c=[0010].
a) Show that condition (C) holds for some K. [ 4 marks ]
b) Show that the system can be written in the form
. [a | _| An An Py
x_-[iz]—[ 0 S ]x+B(u+Lx)+{0]d?
y= [ 0 Cz ]x
with x2(t) € R*,
0 1
=[5 o]
and Aqy, A12 L, P and C, matrices of appropriate dimensions, which should be
specified. [ 10 marks ]
c) Consider the state feedback control law
u=—Lx+ Kyxp

with K; € R'*¥.

Write equations for the closed-loop system and argue that the control law solves
the considered disturbance decoupling problem.

Finally, show that for the closed-loop system one has

y(t) = G2 x,(0),

for some matrix F € R¥*¥. [ 6 marks ]
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