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1) Consider the problem of autoregressive moving average (ARMA) modelling.

a) State the expression for a general second order autoregressive AR(2) process
z[n]. Explain the role of AR modelling in terms of shaping the spectrum of
the driving white Gaussian noise (WGN). [3]

i) Derive the autocorrelation function for this process. Explain how you
can obtain the expression for the autocorrelation function directly from
the expression for the AR(2) process. Write down and explain the
expression for the autocorrelation function for lags k > 2. [4]

ii) State the set of stability conditions for this process (stability triangle).
Explain the bounds on the AR parameters for an AR(2) process to
be stable. What are the four possibilities for a general shape of the
autocorrelation function and spectrum? [4]

b) Consider the AR(2) process given by
z[n] = —1.92z[n — 1] + 0.82[n — 2] + w(n]

where symbol w[n| denotes samples of white Gaussian noise with finite
variance 62 < oco. Comment on the stability of the process z[n] both in

w

terms of the characteristic polynomial and stability triangle. [2]

i) How many data samples do we need to calculate the autocorrelation
function, and how many correlation coefficients do we need for Yule-
Walker estimation of AR(2) paremeters? Write down the Yule-Walker
equations for an AR(2) process. [4]

ii) How many peaks in the spectrum can we expect for an AR(2) process
and how many peaks for an AR(3) process. Explain. (Hint: we have
an all-pole system) (3]
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'2) When signals are being observed by real world sensors, they are often corrupted
by measurement noise g[n] of variance ¢7. Consider the original signal z[n] pro-
duced by an autoregressive process of order p = 1 (AR(1)), given by

z[n] = ayz[n — 1] + wln] w(n] ~ N(0,02)
which is measured as the noise corrupted process y[n] given by
y[n] = z[n] + gln] afn] ~ N(0,07)
a) Show that the autoregressive parameter d; is estimated from

o _ Tyw(1)

= Tyy(0)
where symbols 7, (1) and 7,,(0) denote respectively the autocorrelations at
1a.gsk=la.nd!s:=0. [4]

b) Show that the relation between the true AR coefficient a; and the estimated
AR coefficient @; is

01=O‘.1n+]

where 1 = r,5(0)/0? is the signal to noise ratio (SNR). i8]

L
@Show that the noisy measurement y[n] can be modelled as an ARMA(1,1)
process, where the MA filter parameter b; is given as the solution of

1-;—&3% _ s oi(1 +2a§) CQI’YQC%G"?
o= 0% at 11:30

Comment on the values of b; for a large ad small ratio o2, /0?. 8]

Hint: compare the power spectrum of P, and the power spectrum of an

ARMA(1,1) process P(z) = gﬂnz"lg EH’]Z))-
+a1z7? +a1z
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3) Consider Minimum Variance Unbiased (MVU) estimation based on a linear data
model.

a) Write down the vector-matrix equation for a linear model describing the
signal

z[n]=A+Bn+whn], n=01,...,N-1, wn]~N(0d?

where and A and B are unknown parameters. [3]

b) Write down the expression for the likelihood function for this data model.
Explain the benefits of using the likelihood function over the standard prob-
ability density function. 3]

¢) Explain the meaning of the regularity condition for the Cramer-Rao esti-
mation. Explain how you would use the information obtained from the

regularity condition to derive the MVU estimator for the vector parameter
0 = [A BJ]7 in the form

6 =g(x)= (HTH) "H'x

(there is no need for a full derivation - just provide a brief sketch)
State the statistical condition on the columns of the measurement matrix

H for this estimation problem to be feasible. [6]

d) A linear model from c) is used to estimate the parameters of the AR(2)
process given by

z[n] = a; z[n — 1] + a2 z[n — 2] + win], wn] ~ N(0,0?)

i) Express this process as a vector parameter linear model. For conve-
nience start from n = 2, that is, from z[2] = a1z[1] + a2z[0] + w[2].
Are the columns of the measurement matrix orthogonal? [4]

ii) Based on only two data points, z[2] and z[3], and the general solu-
tion in ¢), write down the expression for the linear MVU solution for
the AR(2) parameters 6 = [4; @;]7. Compare with the Yule-Walker

solution. (4]
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4) Adaptive linear prediction is at the core of adaptive filtering.

a)

b)

d)

Sketch the block diagram of the adaptive prediction configuration. Explain
the operation of an adaptive predictor. 4]

A finite impulse response (FIR) adaptive filter is employed within the
adaptive prediction configuration. Derive the learning rate of the nor-
malised least mean square (NLMS) algorithm by expanding the output
error e(k + 1) of the LMS algorithm using a Taylor series around e(k) and

setting e(k+1) = 0. 6]
The class of sign algorithms is used to reduce the computational complexity

of the LMS algorithm. Write down the weight update equations for this
class of algorithms. Write down the equations for normalised versions of

sign algorithms. 4]
Let z(k) be a second order autoregressive (AR) process that is generated
according to the difference equation

z(k) = l.4z(k — 1) — 0.6z(k — 2) + w(k)

where w(k) is a zero mean unit variance white Gaussian noise. An adaptive
FIR predictor is used to predict process {z(k)}.

i) Using the result from b) write down the equations for the NLMS weight
updates for such an adaptive predictor. 2]
ii) Describe the bound on the step size which ensures the convergence

of the class of LMS algorithms. What effect does the value of the
step size have on the convergence trajectory on the error performance

surface? 2l
ili) What is the minimum achievable mean square error when using an
adaptive FIR filter to predict the AR(2) process above? 2]
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5) A simple extension of linear finite impulse response (FIR) adaptive filters is a
nonlinear FIR filter shown in the Figure 5.1. The nonlinearity @ is a saturation-
type nonlinear function, such as tanh, and the output of this filter is given by
y(k) = ®(x7(k)w(k)). In the stochastic gradient setting, the cost function for
this filter is based on the minimisation of the squared instantanous output error
and is given by 1

E(k) = —2~ez(k)

a) Give the reasons for this nonlinear FIR filter also being called a “dynamical
perceptron” or “artificial neuron”. [4]

b) Derive the weight update equation for this filter based on the cost function
given above and the gradient descent approach. '
(Hint: Aw(k) = —nVE(k)) 8]

¢) Explain the difference in the way this filter and the standard FIR adaptive
filter trained by the least mean square (LMS) algorithm process signals with
large dynamical ranges. Which structure do you expect to perform better
when filtering nonlinear signals? [2]

d) If the nonlinear function ® is the tanh function, explain the effect of the
saturation on the output of the filter and on the learning process (Hint:
Cases when the operating point moves towards the tails of the nonlinearity,

where the gradient values are very small). [2]

e) We would like train the nonlinear adaptive filter with a sign-sign algorithm.
State the weight update equation and compare this type of learning with

LMS based learning. [4]
x(k) —z_li x(k:—l) = x(k-2) = o x(k-N+1)
w (k) [ wo (k) w4 (K) wn(k)
I ®
o Y®

Figure 5.1: A nonlinear FIR filter
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Solutions - Teed Tl 072
1) [Bookwork and practical application of bookwork]| a)
z[n] = ayz[n — 1] + azz[n — 2] + win] }l-

where aq, a, are the model parameters and {w[n]} is the driving white noise,
wln] ~ N(0,02). The all-pole system above, with transfer function H(z) =

e shapes the flat spectrum of w[n| and produces a spectrum with

peaks determined by the roots of the polynomial in the denominator of H(z).

i) By applying the expectation operator E{-} to
z[n — k]z[n]

we see that the ACF model follows the general form of the AR(2) process. It
is often more convenient to consider this relationship in terms of the normalised
correlation coefficients p(k) = r(k)/r(0). Therefore we have

p(k) = a1p(k — 1) + axp(k — 2)

where p(0) = 1. Since p(0) and p(1) depend on the driving noise terms w(n] and
w(n — 1], this relationship holds only for £ > 2.

ii) Using the results for AR(1) and extending for AR(2) model, we can derive
the bounds on stability for AR(2) processes, which in a convenient way can be
put within a “stability triangle” shown in Figure 1.

From the ACF

Pk = Q1pk-1 +Gopk—2 k>0
e Real roots: = (a? + 4as > 0) ACF = mixture of damped exponentials

e Complex roots: = (a? + 4ay < 0) = ACF exhibits a pseudo-periodic

behaviour
DFsin(2n fok + F)
Pk = :
sin I’
where: D denotes the damping factor of a sine wave with frequency f, and
phase F.
P o= —{n
a
cos(2mfy) =
2 —9
1+ D?

tan(F) = i_—tharl(Qﬂfg)



For stationarity we have

ap+a; < 1
g —ap < 1
—-l<a, < 1

Obviously the stability conditions are —2 < a; < 2,—1 < @y < 1, which is illus-
trated in the stability triangle.

R J
Complex Roots

-1

Figure 1: AR(2) Stability triangle. Region 1: Decaying ACF, Region 2: Decaying
oscillating ACF, Region 3: Oscilating pseudoperiodic ACF, Region 4: Pseudope-
riodic ACF

b) The process is not stable, as by inspection from the above stability trian-
gle the combination of AR parameters lies outside the bounds on stability, and
also by showing that the roots of the characteristic polynomial are larger than
unity in magnitude, that is z; = —2.2548, 2, = 0.3548.

i) This is second order variant of the general Yule Walker solution.
Substituting p = 2 into the general form of Yule-Walker equations, we have

1= a1+ AP
P2 = 101 + Q3



which when solved for a; and a, gives

_ m(l—p2)

METTR
agzﬂQ—P%
1-pf

We thus need three values of the correlation function p(0), p(1) and p(2), however
the results are much more accurate if the ACF is first calculated over a longer seg-
ment and then the first three coefficients are used within the Yule-Walker method.

if)

202
P = -
zz(f) l] . ale—jzﬂf . a28_34ﬂf|2
202
_ w 0<7f<1/2
1+ a + af — 2a,(1 — azcos(2mf) — 2ay cos(4nf))’ =Iel

Due to the all-pole system, the spectrum is dominated by peaks. If the poles
come in conjugate pairs (see the stability triangle in Figure 1), then every two
poles produce one peak in the spectrum. Thus, the AR(2) power spectrum will
have one peak. For an AR(3) model we cannot have two peaks, unless one of the
peaks is for w = 0, that is at DC.



2) a) [bookwork and new examples]
The true AR(1) coefficient a; is estimated from

B G
R ()

Since we can only observe the noisy measurement y[n] = z[n]+¢[n], the coefficient
@, 1s estimated from
ryy (1)

Tyy(0)
that is, based on the noisy measurement y[n).

&1:

b) Since the measurement noise ¢[n| is white (e.g. g[n] L gn+ 1], L g and
E{¢*(n)} = 02), we have

rw(0) = E{ylnlyln]} = E{(2[n] + glnl)(z[n] + gln])} = rzz(0) + 0

ryw(1) = E{ylnlyln+1]} = E{(z[n] + ¢n])(z[n + 1] + ¢[n + 1)} = 72.(1)
Thus
ay = T'H?E)x)(fog =a11_'1_71_? =a11_?:_n where nzrxx((})/o?l

Hence, as the SNR reduces, the coefficients of an AR model reduce in magnitude.

¢) Since we have y[n] = z[n] + g[n], then the corresponding power spectrum

2
Tw )+ o2
(1—a1271)(1 — a2 1
crfu +O’§(1 - alz‘l) (1 +alz)

(1 - alz‘l) (1 — a,lz)

Py(z) = Pu(2) + Pylz) =

Compare with the spectrum of ARMA(1,1) process

(b)) (1 +br2)
Flgh= (1 - alz‘l) (1 + a,lz)

and equate the numerator coefficients to yield
(1) Ji+0§(1+a11’)= 1+bf
(2) ola(z+2) =by(z+ 27
to yield
o t+oi(l1+ai) 1+0b2

2
aqal bl

Therefore for a low SNR the ratio 2, /o? is small and a; — b;. For a high SNR
by — 0 and we have the true AR signal.



3) a) [bookwork] The model is given by
x=HfO+w

where x = [z[0], z[1],...,z[N = 1]]T, 8 = [A B]T, and

1 0 w(0]

1 1 wl1]
H=| . ) and w = )

1 N-1 w[N —1]

or in an expanded form

z[0] 1 0 w(0]
z[1] 1 1 A w(1]
A [ B ] N 5
z[N - 1] 1 N-1 w[N — 1]

b) The likelihood function is given by

Inp(x;8) = —igin(%a?) - %(x ~HO) (x - HB)]
It is much more convenient to deal with the log-likelihood function than with
the standard joint pdf of data and parameters, and the monotonic nature of the
In function preserves the position of extrema. In addition, the mathematical
tractability is much enhanced, as upon applying the log function the terms in the
exponentials are brought down and the products become sums.

¢) The regularity condition

dln p(x; )

06
simply indicates that there is a solution to the linear MVU estimation problem
for which the estimator g(x) = 6. The derivative of the log-likelihood function

wrt the unknown vector parameter @ is (there is no need to give this level of
detail)

=1(6)(9(x) - 8) =0

Ip(x; 6)
06
Upon involving the Fisher Information Matrix

o [Oln p(x;0)] 1 .7
"Bﬁ{ 6 }‘?HH

= % H™x — H'HO)|

1(6) =



we obtain the MVU solution for the linear vector parameter model.

Since the parameter estimation involves the inverse of the measurement matrix
H, its columns must be orthogonal for the inverse to take place, and for the
matrix H”H to be positive semidefinite.

d) new example
i) In a similar way as in a), we can write the AR parameter estimation problem
as a linear estimation problem in the form (for convenience, start from N = 2)

A0 H B )..]
NN : { " } il B
z[N — 1] g[N-2] z[N-3] | 3 | wN-1]
4 ’ i i -

Then the AR(2) parameter vector becomes

8 =g(x) = (HTH)_lx
ii) We would have
ar | _ (| =[1] z[2] (1] z[0] |\t | z[1] =[2]
BEEEE DR T
We can see that this form has similarities with the Yule-Walker form
R 'r

where the the produce HTH takes the role of the correlation matrix. For a white
Gaussian driving noise both solution should lead to the same result.



4) a) bookwork and worked example

I g R k
x(k) Delay |— Adc?pme Ly
i ] Filter

C(k}/\._
@

Figure 4.1 Adaptive prediction configuration

The role of the teaching signal is taken by the “forwarded” input z(k + M)
where M is the prediction horizon. This configuration can also be used for adap-
tive line enhancement, as the correlation structure of white noise exhibits very
fast decay, and an input shifted by several time instants should not contain the
same noise structure as the original input.

Inserting the partial derivatives from the above, we arrive at
e(k+1) =e(k) [1 —n || x(k) |I3]

From there the NLMS step size which minimizes the error is

1
MNLMS = T 7~ 13
| x(k) 13

c) Sign algorithms apply the sign operator to the error and input signals.
The sign-error algorithm applies the sign operator to the filter error, and is given
by

w(k + 1) = w(k) + nsign(e(k))x(k)

The sign-regressor algorithm applies the sign operator to the input vector, and
is given by

w(k+1)=w(k)+ ne(k)sign(x(k))



The sign-sign algorithm combines the sign-error and sign-regressor algorithms,
and is given by

w(k + 1) = w(k) + nsign(e(k))sign(x(k))

It is very convenient to implement in hardware, especially if the step size is cho-
sen to be a multiple of 2. In that case it is extremely fast. The drawback is an
increased mean square error as compared to LMS, especially for inputs with low
amplitude range.

The normalised versions of these algorithms are obtained upon dividing the weight
update by the correspnding tap input powers, that is by || x(k) || for the sign
error algorithm, and by N? for the sign-regressor and sign-sign algorithms.

d) new example i)

wi(k+1) = wa(k) + gy e gy el = 1
w(k +1) = wa(k) + = e(k)z(k - 2)

z2(k—1) +2%(k - 2)
where p is the learning rate.

i) The step size of the LMS is bounded by the reciprocal of the maximum eigen-
value of the input autoccorelation matrix, that is

O<u<

)‘ma:r
For the NLMS, this bound is 0 < p < 1.
iii) It is convenient to write the teaching signal as
d(k) = z(k) +w(k)  where  w(k) ~N(0,02)

In ARMA modelling, usually 02 = 1, that is the WGN is with unit variance.
The minimum mean square error for this example is therefore

2
5mm =0y = 1

Namely after the filter coefficients converge to the true values of the AR param-
eters, there is still the “unpredictable” part due to the error term in the AR
model, which in this case has unit variance.



Synaptic Part ~——<+—— Somatic Part

unity bias input

+1

delayed
inputs

Figure 5.1: Model of Artificial Neuron

5) [bookwork and intuitive reasoning]

a) Dynamical perceptron. The structure represents an electrical model of a neu-
ron from the brain. It has its synaptic part (delayed inputs and weihts) and
somatic part (summation and nonlinearity), as shown in Figure 5.1.

b) Based on Figure 5.1, this nonlinear FIR filter can be trained by a procedure
similar to the LMS, with the exception that we need to account for the nonlin-
earity within the structure. Thus, based on the cost function J(k) = je?(k), we
have

wk+1) = w(k)—uVyJ

where
9T 9e(k) BB(K) By(k) _
VT = G aa) ay) owily DT

The final update then becomes
w(k + 1) = w(k) + ne(k)®' (xF (k)w(k))x(k)

c) The FIR filter trained by LMS is linear and is not sensitive to the amplitudes
of the signal. This dynamical perceptron has a saturation type nonlinearity and
is therefore sensitive to the changes in the signal dynamics.

d) The nonlinearity can be thought of as having a quasilinear range and a sat-
uration range, hence producing nonlinear distortion of input signals, when the
signals are linear, but also having the ability to track better nonlinear signals.

The output magnitude range is limited to the range of the nonlinearity, also the
traning can be very slow in the tails of the nonlinearity, due to the low value of



gradient at those points.

e) If we apply the sign-sign algorithm to the weight update of the dynamical
perceptron, we obtain

w(k + 1) = w(k) + psign(®(k))sign (e(k))sign (x(k))

We still do have a source of nonlinearity as the odd symmetric function ¢ becomes
a hard limiter and also both the error and input have values € {—1,1}. Thus,
the new algorithm is less computationally expensive than LMS, but has larger
steady state error.



