E2.5 Signals and Linear Systems
Solutions 2008

All questions are unseen.
Question 1 is compulsory.

Answer to Question 1

a)

If x, >y, and x, — y,, for a linear system,

kx, +k,x, = ky, +k,y, where k and £, are constants.

(2]
b)
x(t)=e"” =cosf+ jsin@
Therefore,
Even: cos@
Odd: jsin@.
(2]
c) i)
x(t)
2 L=
1
| ! ¢
-1 0 1 2
(3]
i)
x(1)
2
1
| ' {
1 Q 1 2
[3]
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d) i)
v.(t) = Ri(t)+v.(2)

v.(t) = (—{ :,‘:i(r}df
x(t)=v, (1), y(1)=1i().

. Ry()+ -(l— Jy(r)dr = x(1).

Differentiate both sides wrt r:

L
e () =
L Y 1 i
i 'R a
3]
ii) Take Laplace transform on both sides:
(s+ %) ¥(5)= %SX(S).
el e
X(s) RCs+1
[3]
€)
y(t) = h(t)* x(1)
=2e7 e yu(t) *eu(r)
=2e M u(t)* e"u(t)—e ' u(t) * e 'u(t)
- 2(8-.l _8-31) - (e—J _e—Zf)
—[ : = u()
= (e_ZI - e"‘“)u(!)
(4]
f)
»()
2 -
1 =
| ! ! L !
0 1 2 3 4 5
(4]
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i)

i)

h)

g) The complex zeros are given by:

Therefore the zeros are at:

The poles are given by:

pP+5p+5=(p+4)(p+1)=0.
Therefore the poles are at:

p=-1 and p=-4.

By definition of Fourier transform,

o)

FTof x(t—t,) = Jx(t—ro)e‘f”‘df.

Letr=t—-¢

0*

@ w

j.’c((~f0)g'.f@!d[ - J’_‘]:(r)e—jm{.'+f“]dr

-t} —

o

=g 1P J‘x(r)e””’dr

—an

=g " X(w)

Divide F[z] by z, and perform partial fraction:

Flz]  z=7 _  z-1

4

21
z z2-5z+44 (z-1z-4) z-1 z-4

w fTk]=[2—4"Julk].

i) Nyquist rate is 2x4.5x10° =9 MHz.
Therefore the actual sampling rate = 9 MHz x1.2=10.8 MHz.

i) 1024 levels require 10 bits per sample. Therefore bit-rate is:

10.8x10° x10 =108 Mbits/sec.
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Answer to Question 2

a) Express the differential equation in terms of D operators:

(D* +6D +9)y(1) = 2D +9)x(t) = O(D)y(1) = P(D)x(¢)
Q(D)=(D*+6D+9), P(D)=(2D+9)

The characteristic equation is therefore:
(A*+64+9)=0=>(A+3)" =0.
S J)[] (f) = (CI + C2f)e_3" and ,}.)[] (!) = [—'B(CI + C'Ir) +C?. ]e_l‘

Setting t = 0, and substituting ™ y,(0) =0 and y,(0) =1, gives

O0=¢ ¢, =0
=
1=-3¢, +¢, ¢, =1

Loy)=te™  and (1) =(-3r+1)e™

Now the impulse response can be calculated:
h(t) =[P(D)y, (O)]u(?)

=[2y, (1) +9y,(0)]u(r)
=(=6te™ +2¢7 +9te™" ) u(t)
=(2+3t)e”™ u(t)
[15]

b) The system response to #(/)is g(/), and the response to the step u(t—7) is g(t—17)
(time-invariant property).

It is given that Af = _A.]_r.
At

height of f(nA7t)Ar, and can be expressed as [f(HAT)AT} u(t—nA7). This gives a
response Ay(¢) at the output, where

At = f(r)Ar. The step component at # = nAz therefore has a

Ay(t) = [f(nﬂr)Ar] a(t —nArt).

Therefore, the total response due to ALL step components is:

y(1) = lim Z f(nAT)g(t —nAT)AT

n=—a

= [ f@)gt-v)dr
=/(0)*g@)
= f(0)*g().
[15]
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Answer to Question 3

a) 1) From definition of Fourier transform,

Fo)= [ fe " dr

= r e dt - fe""‘”dt
1
jo
S SER I S L
Jo jo jo jw
2

=——+—COoSOT
Jw Jw

.4 . 3((01'\
=j—sin" | —
@ 2 )

— jot
e ]

ii)  Express f{?) as sum of two rectangular functions:

f(f)zrec!(t+ﬂ2}—recr[r_”2J
T

r
: i T

rect| — | < rTsmnc| — |,
(r] [ 2 J

apply time-shifting property gives

t+r/2 ) T .
rec;( ] o rSmc[? gHIRE2)
T

Given that

Therefore

: el 8 / . (oT) _,
Flw)= f5'“‘3[7]3”“'2—rsmc[?]e joor 12

. ot . (o7
=2jrsinc| — [sin| —
[2J (2]
4 i 7 wT
=j—sin | —
® 2
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] _t

e 2g?

f)=

oN2m

._.
|
i
Q
'
g2
s
3

and
oN2m

Parseval’s Theorem states:

1 2
B =5- [ |F@) do.
Given
F(w)=e "

we obtain:

E, = [ ¢ do.
2m =

2

. X
then c’w’ ==— and dw=

1
Nok 2 o2

Let o =

Therefore
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Answer to Question 4

a) Taking z-transform of both sides:
zY[z]-0.5Y[z] = zF[z] + 0.8 F[z].
Therefore

Y[z] z+0.8

)= o™ T o0s

b) The frequency response is given by:

e +0.8 (cosQ+0.8)+ jsinQ

H[e"*] = = .
L] e ~0.5 (cosQ-0.5)+ jsinQ

Therefore, the amplitude response is
]H[e-f“]\2 = H[e"*|H[e™"?].

(e +0.8)(e? +0.8)
(€ -0.5)e?-0.5)
_1.64+1.6cosQ2

T 1.25-cosQ

The phase response is

AH[E'M]Ztan"(—ww-st j—tan"[—smg ]
cosQ2+0.8 cosQ-0.5

c¢) Since f[k]=cos(0.5k —%) , Q=05.

Therefore

‘H[“m]r . 1.64J-rl.6c050.5 3174
1.25-co0s0.5

|Hle' ] =2.86

ZH[em] =tan”' [ﬂ]_ tan™ (_SITI_UHEL_J .
c0s0.5+0.8 c0s0.5-0.5

~0.2784—0.9037
= _0.6253 radian or 35.83

Therefore, the system response is

k] =2.86c0s(0.5k — % ~0.6253) = 2.86 cos(0.5k —1.6725).
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